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H E e s deſign in this 2 
| mance, is not only to lay before the 
reader an hiſtorical account of the different 
diſcoveries which have been made relative tq 
the reſiſtanee of the air, by the moſt eminent 
writers who have treated of this ſubject; but 
likewiſe, to give the theory of projectiles in 
vacuo, derived i in a new manner from very 
ſimple principles, with a method of reducing 
projections on inclined planes, to thoſe which 
are made on the horizon. He i is perſuaded, | 
that, were the law of the air? 5 reſiſtance once 
exactly aſcertained, Which is undoubtedly ca- 
pable of an accurate determination, a compe- 
tent ſhare of knowledge i in mechanics would. 
enable ſkilful Engineers to ſurmount all other 
difficulties i in directing the management of 
artillery. The reſiſtance of mediums, it is 
true, - is one of the moſt difficult ſubjects to 
which mathematics have ever been applied. 
The adele attending it have been ac- 
| Rs _ know- 


vi „e 


 knowled ged by all who have conſidered it, 
and were ſenſibly felt by Sir Iſaac Newton 
himſelf. He has certainly diſcovered great 
|; . ingenuity and philoſophical invention on this 
ſubject. But his concluſions are only appli- 
cable to very ſlow motions, and are not de- 
livered by him in a form fitted for practice. 
Gunnery, in its preſent ſtate, is only a ſort 
of random or gueſs-work and ſuch it muſt 
oOontinue to be, till the theory of the air's 
rehſtance be accurately 2 285 


The author once intended to have taken 
his opportunity of publiſhing ſeveral calcu- 
lations relating to the reſiſtance of mediums 
in general, and ſome to that of che air in 
particul: ar, between which, and certain expe- 
riments made with great accuracy, there 

Was a ſurpriſing degree « of coincidence. But 
he thought it would be better to defer the 
publication of theſe computations, till an op- 
portunity ſhould preſent itfelf of trying and 
examining them by a greater variety of ex- 


periments, However, the reader will eafily 
underſtand, 


. 
[ 
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underſtand, from the problems ſubjoined to 
the hiſtorical account, that this is a ſuuject 
on which the author has beſtowed a good 
deal of attention. And, although he has 
endeavoured to give the accoiint itſelf in as 
plain a manner as poſſible, in order to refi- 
ler it univerſally intelligible; yet, mathema- 
ical readers will find ſufficient ſcope for the 
exerciſe of all their {kill, in attempting the 


ndeed, it muſt be acknowledged, do not re- 
ate immediately, either to the air, or to any 
medium perhaps exiſting in nature. But 
ie thought it would not be altogether im- 
droper to inſert them, ſince their ſolutions 
ay be very much facilitated by the general 
problems which he ſent ſome time ago in a 
paper to the Royal Society, with an intention 

o extend indefinitely geometrical compari- 
ons, which are uſually confined to three gra- 


lations, by geometers both ancient and 
modern. 


In 


olutions of theſe problems. Several of them, 


n PN E. F A G. E. 


In the demonſtrative part, which relates to 


8 the theory of projectiles i in vacuo, the young 


mathematician will find a method put in 
practice, of firſt conſidering the properties of 


- ſimple reQilinear figures, and of afterwards 
applying them to curves which can be ge- 


nerated by the motion of the ſides or angles 
of ſuch figures. Simplicity has been the 
principal thing which the author has all a. 
long aimed at in this performance. The 
mathematical reader, then, muſt only con- 
ſider it as a prelude or forerunner to ſome- 


thing which is to follow, relating to the re- 
ſiſtance of mediums in general, the moſt dif- 
_ ficult part of mixed mathematics, and to 


that of the air in particular, by the aſcertain- 
ing of which alone Gunnery can be render 
ed perfect and complete. 


. 


P. 83. J. 3. or Coles read Cotes. 
P. 88. for TM read TH. 5 
P. 102. J. 13. for rhombuſes read rhomboids. 
P. 104. I. 5. for angle read angles. | 
P. 118.1. 22. for OK read O, K, 
PF. 142. . 18. for OR read OZ. 
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OR ſome time after men began to ap- 
ply gun- powder to military purpoſes, 

their machines and pieces of ordnance were 
very ponderous and unwieldy, and of courſe 
altogether unfit for quick or expeditious ſer- 


vice, Military people, at that time, poſſeſ- 


ſed but a ſmall ſhare of learning of any 
kind, and almoſt none at all of a mechani- 0 
cal or mathematical nature. What they 
did in their profeſſion, in relation to the ma= 
nagement of artillery, was entirely the effect 
of practice, and a bare repetition of what 
0 p they 
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they ſaw every day done. The form of 
their artillery, as well as of the warlike en- 
gines and inſtruments which they made uſe 
of in conducting it, was only ſuch as the 
moſt obvious incidents ſuggeſted, or the 
rudeſt and moſt uncultivated invention dic- 
tated. Their firſt pieces were very cum 
brous, being of a clumſy, and almoſt unma- 
nageable make; for, as they ſucceeded to 
the machines of the antients, they were 
employed, like them, in throwing ſtones of 
a prodigious weight, and therefore were ne- 
ceſſarily of a huge and enormous bore, con- 
ſiſting uſually of pieces of iron fitted toge- 
ther length-ways, and hooped with iron 
rings. Some of them were ſo large, that 
they could not be fired above four or five 
times a day. Such were thoſe with which, 
we are told, Mahomet II. battered the walls 
of Conſtantinople, in the year one thouſand 
four hundred and fifty- three, being ſome of 
them of the calibre of no leſs than twelve 
hundred pounds; and Guicciardin, in the | 
firſt book of his hiſtory, informs us, that fo 
large a portion of time intervened between 

| | Es the 
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the different chargings and diſchargings of 
one of thoſe pieces, that the beſieged had 
ſufficient time to repair, at their leiſure, the 
breaches made in their walls by the ſhock of 
ſuch enormous ſtones. 


But as mathematical knowledge increaſed 
in Europe, that of mechanics gradually ad- 
vanced, and enabled artiſts, by making braſs 
cannon of a much ſmaller bore for receiving 
iron bullets, and a much greater charge of 
ſtrong powder, in proportion to their cali- 
bres, to produce a very waterial and impor- 
tant change in the conſtruction and fa» 
bric of thoſe original pieces. Accordingly, 
this hiſtorian, in the ſame hook of his 
hiſtory, informs us, that, about a hundred 
and fourteen years after the firſt uſe made 
of thoſe unwieldy pieces by the Venetians, 
in the war which they carried on againſt 
the Genoeſe, in the year one thouſand three 
hundred and eighty, the French were able 
to procure, for the invaſion of Italy, a great 
number of braſs cannon, mounted on 
carriages, drawn by horſes; and that theſe 


Pieces 
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pieces could always keep pace with the 
army. 


In enumetating the advantages which a- 
roſe from this alteration, he obſerves, that 
they were pointed with incredible quickneſs 
and expedition in compariſon of thoſe for- 
merly made ufe of in Italy, were fired at 
very ſmall intervals of time, and could pro- 
duce, in a few hours, an effect which thoſe 
others could not have produced in the ſpace 
of many days. His words are, Condotte | 
b alle muraglie erano piantate con preſtezza 

* incredibile, et interpondaſi dall* un colpo 
© $ all' altro piccoliſſimo intervallo di tempo, 
* fi ſpeſſo, et con impeto ſi gagliardo per- 
© cuotevano, che quello che prima in Italia 
* fare in molti giorni ſi ſoleva, da loro in 
© pocchiſfime hore ſi faceva :? And mathe- 
matical ſtudies muſt have made conſiderable 
| Progreſs on the continent by that time, ſince 
Tartalea, the inventor of the method of ſol- 
ving cubic equations, which is uſually a- 
ſcribed to Cardan, and which is the only 
general method we have of ſolving them at 

this 
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this day, a about forty- three years after this 
change took place, commenced author at 
Venice. 


This change in the formation of artillery 
has as yet undergone no very material alte- 
ration. Lighter pieces, indeed, are now 

empleyed than thoſe which were made uſe 
of at firſt ; but they have ſuffered greater 
variations in reſpect of ſize than proportion. 


The reſiſtence of the air renders all con- 
eluſions drawn from ExXPEUnEngs made with 
any of the pieces of cannon now in com- 

mon uſe, very uncertain and precarious; 
for this medium, beſides retarding the pro- 

greſſive motion of a bullet, gives it a lateral 

deflexion or deviation, when fired from one 

of theſe pieces, which makes it meet the 
ſurface of the earth at a conſiderable diſtauce 

often from the point, where a plane, paſſing 

through the line of projection, perpendicular 

to the horizon, meets it, and on either ſide 

{aq of that plane. e or Gas ey iind ad 

This 
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This lateral deflexion, I know from ex- 
perience, is effectually remedied at ſmall 
elevations, by the uſe of pieces properly 
rifled, and of balls with knobs on them to 
fill exactly the grooves or rifles. And a 
very {mall ſhare of ſagacity will eaſily en- 
able any one to prevent this inconvenience, : 


at all elevations, by varying a little the form 
of the bullet. 


And as this is a matter of ſo great impor- 
tance, to have every part of the path of the 
bullet in the plane paſſing thro? the centre of 
the earth and the line of projection, and may 
be ſo eaſily obtained, it is well worth the 
attention of engineers and artilleriſts.. For, | 
when this defleQtive force of the air is cor- 
rected, and, of conſequence, all rotatory mo- 
tion in the direction of the bullet is deſtroy- 
ed, they have little more to do, as far as 
their profeſſion is connected with the ma- 
nagement of artillery, than to determine the 
law of its reſiſtence and the firſt velocity of 
the bullets, and to adapt their calculations 
relating 


Pax I. GUNNERY. . 


relating to theſe matters to ready and ex- 
peditious practice. 


And though theſe two problems have ne- 
ver yet been perfectly and accurately ſolved, 
or at leaſt publiſhed to the world with com- 
plete ſolutions, they ought not to deſpair of 
being able to ſolve them, but ſhould rather 
be encouraged and animated by what others 
have done towards the ſolution of theſe 
queſtions, to do more, and ſhould ſhow that 
they are at leaſt willing to contribute their 
ſhare for the completing of that art which 
they profeſs, and the perfecting of its rules 
and maxims. The undertaking is indeed 
difficult; but J know that ſucceſs in it is not 
unattainable. Every engineer whatever 
ought to have a very conſiderable ſhare of 
mathematical knowledge, to enable him i in 
| ſome meaſure to enter into ſuch reſearches, 
and to conduct him j in his experimental i in- 
quiries. | 


As to the reſiſtance of mediums, when 
men firſt began to think of this ſubject, I 
| | cannot 


1 
|| 
( 
1 
i] 
4 
Ws 
1 
144 
. 
: 
i 43 
14 
. 
1 
1 


8 HISTORY OF Part . 


cannot pretend to determine; but it is cer- 


tain, that the conſideration of it took place 


as far back at leaſt as the time of Ariſtotle; 


who preſided over Europe for ſo many ages 
with almoſt unlimited ſway. His poſitions; 
however, with regard to this matter are 


made more with an intention to refute the 


| opinions of ſome of the antients, who held 
a a vacuum to be abſolutely neceſſary to mo- 
tion, than with any real deſign to inveſti- 
gate the quantity, nature, or laws of ſuch 


reſiſtance, or to determine the degrees of 
retardation which a body would meet with 


in moving through them. He formed con- 


jectures, without either confirming or ex- 
amining them by experiment. And it is 
indiſputably certain, that conje ture, with- 


out experiment to try and ſift it, is as apt 


to lead one into error, as random- experi- 
ment, without ſagacious conjecture to regu- 
late and conduct it, bids fair for producing 


| nothing of the leaſt importance. 


But, if it muſt be confeſſed that many of 
the antient philoſophers gave raſhly into the 
VV . > 


PANT l. GUNNERY. 9 


firlk of theſe” extremes, it muſt likewiſe be 
acknowledged, that there are many now; 


who give as freely into the laſt, and, 
proſtituting the powers which God has 


; beſtowed” upon them; ſpend their lives in 
> making experiments; in a great meaſure, at 


random, without having one uſeful prin- 

ciple or idea in their mitids, which they 

wiſh to examine or eſtabliſh by them: Theſe 

perfons are generally ſuch as are' ſo little 

acquainted with the ſcience of quantity and 
proportion; as to be altogether unable to 

apply metricks to any thing which occurs, 

or to know,; froth calculation beforehand; 
what ought to be the reſult of tlieir experi- 
ments, on the ſuppoſition'that the hy pothe- 
ſis or conjecture which” they intend” to * 
by them, is true! SH 


5 With VERT. their underſtandings 
in experimental eaſes muſt keep pace with 
their hands, not for want of abilities, but 
from watit of reflection, atiq a miſapplica- 
nion df them. They aitirety: miftinderſtand 
the plan of nnn g hinted at by Lord 

8B Verulam, 
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| Verulam, and ſo ſucceſsfully carried into 
execution by Sir Iſaac Newton, and ſeveral 
other ingenious men, whoſe ſagacious con- 
jectures generally preceded, and gave riſe 
to their particular experiments, and who 
were always able, when any thing new ac- 
cidentally occurred, to examine it by a ſort 
of certain and mathematical meaſurement, 
and puſh it into concluſions, by means of 
computations founded on the moſt unerring 
principles. 


| Now, Ariſtotle: delivers the ſubſtance of 
his theory of reſiſtance, which was erected 
to deſtroy. the opinion of the neceſſary ex- 
iſtence of a vacuum for motion, in two pro- 
poſitions, one of which relates to the mo- 
tions of bodies of different gravities, or 
weights, in the ſame medium; and the 
other to the motion of the ſame body in 
different mediums. As to the firſt, he aſ- 
ſerts, that bodies of different weights: or 
gravities, move in the ſame medium with 
en e, Winch have to each other 
CCC — 
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reſpectively the ratios af their gravities or 
weights. 


That ſuch an abſurd propolition ſhould 
have kept its ground ſo long, is aſtoniſhing. 
For, according to him, an iron ball of an 
hundred pounds weight, deſcending through 
an height of fifty yards, ought to reach the 
ground before another of a pound weight 
has deſcended above one yard. But we find 
from experience that they reach it nearly at 

the ſame inſtant of time. 


Cn the ſecond, he affirms that the 
fame body moves in different mediums, with 
velocities which have to each other reſpec- 
tively the reciprocal ratios or proportions of 
the denſities of thoſe mediums, And the 
concluſion he draws from it is this, that, 
ſince a vacuum differs infinitely from any, : 
even the'rareſt or moſt ſubtile medium, if a 
body in any medium run through a certain 
ſpace in a certain portion of time, it ought 
to run through the ſame ſpace in a vacuum 
in an inſtant. But inſtantaneous motion 

1 through 
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7 


through a ſpace is impoſſible. Therefore i it 
is likewiſe impoſſible to have recourſe to a, 
vacuum on account of motion. 


But this argument, eyen allowing his pre- 
miſſes to be true, docs not ſtrike at the 
exiſtence of a vacuum or empty ſpace, but 
only at the exiſtence of motion in it, Both 
| theſe propoſitions, however, Galileo, in his 
firſt dialogue, has ſhown to be falſe and con- 
trary to experiment; and this too he bas 
done by experiments made in different me- 
diums. And, after giving an ample and 
ſatisfactory confutation of Ariſtotle 8 notions 
with regard to reſiſtance, he goes on with 
the proſecution of a very pretty thought « or 
idea, which he produces ſeveral examples 
to eſtabliſh from the different velocities of 
bodies of different ſpecific gravities, in re- 
fiſting mediums of different denfities. It is 
this, that all bodies would deſcend in vacuo 

| with equal degrees of velocity, and fall 
through, equal {paces i in the ſame time. | 
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. Obſerving t] that the difference « of velocities 
in moveables of different ſpecific gravities 
was always the greater, the denſer the me- 
dium was in which they deſcended, and 
that, as the medium became rarer } in which 


the experiment. 1 WAS., tried, this difference 
became leſs, he very naturally, though ſaga- 


ciouſly, concluded, that, were the medium 
indefinitely rare gr ſubtile, this difference 
would be indefjpitely ſmall, and that, in pa- 
cuo, it would intirely vaniſh, and leave the 
velocities in a perfect ſtate of equality, 
This was a yery prefty and natural 1nduc=- 
tion; ang, though if may ſeem now very 
eaſy and ſimple when made, it muſt have 
required! no {mall ſhare of ſagacity at firſt to 
have made it, He found, that all moye- 
ables, both light ang heavy, under the ſame 
form, defgended from very {mall diſtances 
above the earth's ſurface, with nearly the 
fame velocity, and through the lame ſpace, 
nearly in the ſame time; and very judis 
ciouſly obferved, that the great differences 
which take place. hetween the diſtances they 
geſcend through, when the times of deſcent 


are 


* 
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are great, could not ariſe from their {| ſpecific 
gravities or weights under the ſame bulk, 
but from the medium itſelf, ſince the lines 
of deſcent, in that caſe, would always ob- 
ſerve the ſame proportion, which we find 
neither happens to bodies of the ſame, nor 
of different ſpecific gravities. 


This diſcovery of the equal deſcent of all 
moveables in vacuo, is of the utmoſt im- 
Portance in natural philoſophy, and frees 
the mind from the conſideration of a cir- 
cumſtance which would ſerve to embarraſz 
and perplex her in contemplating the nature 
of reſiſtance in mediums. For, once being 
certain that all bodies would move in the 
ſame manner in vacuo, where there is no 
medium, we are ſure that all thoſe varieties, 
which are obſervable in the motions of dif- 
ferent bodies, in the ſame or different me- 
diums, muſt ariſe from theſe mediums them- 
ſelves. 


He likewiſe inferred, from the nature of 
2 uy a very ſimple train of thought, 
that 
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that bodies deſcending in any uniform me- 
dium, by a motion which would be uni- 
formly accelerated from a ſtate of reſt, were 
they to deſcend in vacuo, would at length, 
when the reſiſtance exactly equalled the ac- 
celerating force, acquire velocities which 
this force could not poſſibly increaſe, and 
with which theſe bodies would continue to 
deſcend in that medium for ever. - And this 
would happen to bodies deſcending from 
reſt in the air, were it of the ſame denſity at 
different diſtances from the earth, and if 
| the force of gravity were uniform, as this 
| juſtly celebrated philoſopher ſcems to have 
imagined ;z which indeed is not at all ſurpri- 
ſing, ſince its uniformity appears in all the 
experiments we make in the ſame place, at 
| heights not far from the ſurface of the 
earth. But, ſince neither of theſe ſuppoſi- 
tions is true, the caſe will be in ſome mea- 
ſure altered in relation to the deſcent of bo- 
dies in our atmoſphere. 


Galileo likewiſe diſcovered the reaſon why 
{mall bodies meet with greater degrees of 


retardation 
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retardation in any medium than larger ones 
of the ſame. denſities! and figufesg By cofiſi- 
dering that the ſolidities of Budies'are in the 
ſeſquialteral proportion of their ſarfates, and, 
conſequently, im latte bodies, bear à greater 
proportion to their: ſurfaees than in ſmall 
ones. But, thougk he has ſafſicieritly evinced 
the falſity of Ariſtotle's two propofitions;' 
with | regard to the reſiſtance of meditims, 
2 ſeem to have reached the trutli 
&: thoſepwhich! he W ſubſtitured* i in their 
_ | 


He e a. — 1 
the proportion of the ſpaces through which 
bodies:of differem ſpeciſic gtavities will de- 
ſeend iti any medium inthe ſame time,” by 
a ſubtract ion or din utiom bf weigtit; which 
method muy be cprehended im the fol- 
lewing rule: Let there che a fluid; and any 
number of bodies i of the fame bulk and f- 
gure, ſpecifically heavier»thanthis fluid; di- 
vide the numerical value of the ſpecific gra- 
vny of the hedvleſt of theſe bodibi, by thᷣſe 
* õ——: EErENS Hlaid 


unity, 
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unity, and ſubtract the quotients ſeverally 
from the ſpecific gravity of the heavieſt; 
then the remainders ſhall reſpectively have 
to the difference of the {aid ſpecific gravity 
and that of the fluid, the ratios of the ſpaces 
| which theſe other bodies ſeparately deſcend 
through, to that which the heavieſt deſcends 
OD in the fame i time: | 


Here, Lets it iſt be acknowledged; 
that this curious inquirer into nature is con- 
ſiderably miſtakeri ; and he is not more ſue- 
ceſsful in his metliod of aſcertaining the ve= 
locities of the ſame body in different me- 
diums, and the ſpaces it would deſcend 
through in them ſeparately in equal times, 
which is ſubſtituted inſtead of Ariſtotle's ſe- 
cond propoſition: However, he does not pro- 
poſe them as abſolutely t true and certain, but 
delivers them under the perſuaſion, that they 
will come nearer to the truth than the propo- 
ſitions advanced by Atiftotle. He does not 
ſeem to have had a diſtin idea of the 
quantity of reſiſtance 1 in fluids, or to have 
| imagined i it to be capable of accurate mea- 
"TW ſurement, 
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. and reducible to certain laws, 
For, in his fourth dialogue, after taking no- 
tice of the {mall inequalities, that would a- 
riſe from gravity's not acting in parallel 
lines, on à projectile in different points of 
the curve, which it deſcribes in its flight, and 
from the different diſtances of the ſeveral 
parts of the horizontal plane, from the cen- 
ter of the earth ; when he comes to ſpeak of 
the irregularities ariſing from the reſiſtance 
of the air, he expreſſes himſelf in the fol- 
lowing manner: As to the irregularity 
« proceeding from the impediment of the 
medium, this, we grant, is more conſi- 
* derable, and, by reaſon of its ſo manifold 
varieties, cannot poſſibly be reduced to 
2 certain laws.” And afterwards he lays, 
+ Whereas.theſe accidents of gravities and 
figures are ſubject to infinite mutations, 
© we can come at no certain knowledge con- 
* cerning them.“ Beſides, he appears to 
bave conceived the reſiſtance of the air to 
be much leſs than it really is. For, though 
he ſeems to have been ſenſible enough, that 
a body moving ſwiftly in it, would be more 


- 


- 're- if 
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retarded; than another of the ſame bulk» 
form, and denſity, moving but ſlowly, 
he exprefsly concludes, from ſome experi- 
ments which he made on pendulous bodies, 
with fmall velocities, that this difference of 
retardation 1 is not great. He likewife affirms, , 
that a heavy body, of a ſpherical form, o. 

any body of a eylindrie form, will n.arly 
trace out in the air a parabola. Take his 
own words. Bat, among thoſe projects, 
« which we make uſe of, if they are of 
* a round form, nay, if they are of a 
© lighter matter, and have a cylindric form, 
«© ſych as are arrows thrown from. bows, 
their track or path will not ienſibly devi- g 
ate from the curve 15 a n h 


After Galileo 1 WOT a NET 
no conſiderable variation could arife from 
the reſiſtance of the air, in the flight of 
heavy bullets, ſuch as ſhells and cannon- 
ſhot, his concluſion, was univerſally acquieſ- 
eed in, as well by mathematicians, as by ar- 
tilleriſts, writers on gunnery and practiti- 
oners in it; till Sir Iſaac Newton conhdered 
the doctrine of reſiſtance i in fluids, after A 
more fubtile, ſcientific, and mathematical me- 


thod, 
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thod, than any who went before him had 
done. In the ſecond book of his Philoſo- 
. Phiae naturalis Principia mat hematica, 
. which forms by far the moſt abſtruſe and 
difficult part of that immortal wor k, he 
treats profeſſedly of the reſiſtance of fluids. 
It plainly appears from his demonſtrations, 
that the refiſtance of the air is much greater 
to bodies moving in it, than what Gali- 
leo and thoſe who followed him imagined ; 
and that it ought by no means to be negledt- 
ed in gunnery. = . 


He conſiders three different caſes of re- 
ſiſtance in a medium which is uniform or 
ſimilar throughout. The firſt of theſe is 
when it reſiſts in the ratio of the velocity; 
the ſecond, when it reſiſts in the duplicate 

ratio of the velocity; and the third, when it 
reſiſts partly in the ratio of the velocity, and 
partly in the duplicate ratio of the ſame; 
ard | theſe, in the order I have now 
mentioned them, he treats of reſpectively in 
the firſt, ſecond, and third ſections of that 
10 the ſecond ae of the firſt fe 
tion, 
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tion, he examines the firſt of theſe reſiſtan- \ 
ces; abſtracting from gravity or any other. 
force, which might divert the moving body 
from its original direction. In the third, he 
| conſiders the motion of a body in ſuch a 

medium aſcending or deſcending perpendi- 
cularly to the horizon, and acted on by an 
uniform gravity. And, in the fourth pro- 
poſition, which is the laft of that ſection, 
he conſiders the effect that would be pro- 
duced in the ſame fluid, by uniting or com- 
bining both theſe motions en 


It 18 obvious FS his e 
of theſe propoſitions, that, even allowing the 
reſiſtance of the air to be no greater than 
that which 1s praportional to the velocity of 
the moveable, we muſt; confeſs, that mili- 
tary projectiles, which fly with an incredible 
degree of ſwiftneſs, in compariſon of thoſe 
bodies which we daily diſcera performing 
their motions around us, would trace out 
paths in it, deviating very conſiderably 
from thoſe parabolic curves, which they 
would deſcribe in vacuo. Our author, how- 
ever: in the ſcholium. at the end of this ſep- 


tion, 
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tion; obſerves, that this ſuppe 
x mathematical than a natural hypotheſis ; 
and that the pofition of a reſiſtance 1 in tke 
duplicate ratio of the velocity, or proporti- 
onal to the ſquare of it, comes nearer to the 
truth, and approaches much more nearly to 
that which n takes place in nature. 


This fon, of 1 then, he Proceeds 
to examine in the ſecond. ſection; in the 
three firſt propoſitions of which, he i inquires 
into the motion of a body in an uniform or 
ſimilar medium, reſiſting according to this 
law, whilſt it is not urged by gravity or any 
other force, out of the line of its firſt direc- | 
tion, arid determines ſome things, relating 
particularly to ſpherical bodies, moving in 
ſuch a fluid. In the fourth, he inveſtigates 
the motion of a body in ſuch an uniform 
medium, whilſt it aſcends or deſcends per- 
_ pendicularly to the plane of the horizon, 
and is influenced by an uniform gravity. 
And, in the fifth, he determines the propor- 
tion between the times of aſcent and deſcent, 
by means of ſectors of a circle and hyperbola. 
"The path, however, which a body would de- 

5 ITS oro ſcribe 


ſcribe under the influence of theſe two mo- 
the ſixth propoſition of chis ſection, he has 
ſhown how, in a medium, reſiſting AS its 

denſity and the fquare of the velocity con 

jointly, to determine in each point its 
denſity, when a body can move through it 

in any given curve, and likewiſe its reſiſt- 

ance and the velocity of the body, in every 

point of the ſame curve. 1 8 


Aﬀeer- eoikiteltig the motion of a body 
in a ſimilar medium, reſiſting in the dupli- 
cate ratio 'of the velocity, either when it 
proceeds i in a rectilinear direction, or when it 
aſcends or deſcends perpendicularly to the | 
Plane of the horizon, and is acted on by an 
uniform gravity; he enters, in the third ſec- 
tion, into the conſideration of the ſame caſes 
of motion in a medium which reſiſts partly | 
in the ratio of the velocity, and partly in its 
duplicate ratio. The firſt of theſe caſes, he 

examines in the firſt and ſecond propoſiti- | 
ons of that ſection; and the fecond, in the 
third and fourth. And; after inveſtigating, 
in the * and ſixth ſections reſpec- 


tively, 
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tively, the circular motion of bodies in re- 
ſiſting mediums; the denſity: and compreſ- 
ſion of fluids; and the motion and reſiſ- 
tance of funependulous bodies, he comes, in 
the ſeventh, to treat of the motion of fluids, 
and the reſiſtance of projectiles. 


This wonderful man, who, on many oc 
| caſions, diſcovers an uncommon ſhare of las 
_ $acity in conducting his i inquiries into na- 
ture, by beginning with the moit ſimple 
eaſes and ſuppoſitions, entirely ſeparate and 
diſengaged from all thoſe minute and colla- 
teral circumſtances, which might diſturb his 
computations, - and proceeding gradually 
from them to the examination of thoſe caſes; 
which are more eom plex and diyerſified, 
and approach nearer to real and natural oc- 
currences, has here begun with the conſide- 
ration of a diſcontinued fluid, conſiſting of 
particles equal among themſelves, and diſ- 
r at n diſtances from * other. 


8 | fuck a | Aud, 5 e are 


quit free and Uſengaged from, each other, 
e phe 


PAT I. GUNNERY. 25 


and are not diſturbed or conſtrained in their 
natural ſtate by mutual action, they will be 
at liberty, at leaſt for ſome time, to preſerve 
their motion in the direction in which it is 
impreſſed. Conſequently, bodtis having 
the ſame tranſverſe ſection, but different 
| ſurfaces, expoſed to the particles of the fluid, 
will be differently retarded, ſince the forces, 
in a direction perpendicular to that ſection, 
which meaſure the reſpective degrees of re- 
tardation which they meet with, will be dif- 
ferent, as they correſpond to theſe ſeveral 
| ſurfaces. Accordingly, Sir Iſaac Newton has 
| demonſtrated, in the third propoſition, that, 
in ſuch a fluid, a cylinder would be twice as 
much reliſted, as a globe of the ſame diame- 
er. And, 1n the fourth, he ſhows, that, if 
al particles of the medium fly or rebound 
from the body with perfect elaſticity, a globe 
will ſuffer a reſiſtance, which bears to the 
force which would generate or deſtroy its 
whole motion, in the time it would move 
through a ſpace equal to two thirds of its 
diameter, the ratio of the denſity of the me- 
— to the denſity of the globe; that, if the 

95 Particles 
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particles are not at all reflected, the reſiſtance 


to the globe will be twice as ſmall as in the 
former caſe; and that, if they be reflected 
with any degree of elaſticity, between that 

which is perfect and nothing, the reſiſtance 
to the globe will be in the ſame intermediate 
ratio between the reſiſtance in the firſt caſe, 
and that in the ſecond. He likewiſe infers, 
by way of corollary, that, in a fluid fo con- 
ſtituted, the reſiſtance to a globe is in a 
ratio, compounded of the duplicate ratio of 
the velocity, the duplicate ratio of, the dia- 
meter, and the ratio of the denſity. of the 


| medium. Whence, ſince the reſiſtance of 


the medium muſt then be, cacterts paribus, 
in the duplicate ratio of the velocity, he 
ſhows a method of expreſſing the motion 
and reſiſtance of the globe, by the ſpace be- 
tween the aſymptotes and curve of an hy- 
petbola.  '- 


„Having thus conſidered the reſiſtance a- 
riſing from a diſcontinued fluid, or ſuch as 
has not its particles contiguous, but freely 
arranged at equal diſtances from each other, 
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aud ſhown, that the reſiſtance to a cylinder, 


in a fluid of that nature, is double that to 
a globe of the ſame diameter, he proceeds 


W to examine continued or compreſſed medi- 
ums, of a perfectly fluid nature, and, of 


courſe, void of tenacity, and likewiſe frie- 
tion, when pat FREIE bodies move | 


in them. 


Now, if a body placed in a medium, eom- 
preſſed to any certain degree, be forced to 
leave its place, the particles round the hin- 
der part of it, as ſoon as it begins to move, 
will ruſh in to ſupply its place, and to pre- 
vent any vacuity or void, with that degree 
of velocity, which the ſaid compreſſion would 
communicate to them; and the particles ſur- 


| | rounding the foremoſt part of the body, and 


receiving its preſſure, will have a tendency 
to move towards thoſe parts, the others left, 
in order to reſtore the aequilibrium. And, as 


me particles which receive the preſſure of 
| the moving body, immediately preſs. upon 


thoſe contiguous to them, and thoſe on others, 
and ſo on, the progreſſive motion of the 
| _ | fluid 
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fluid will, in this caſe, be leſs, and conſe- 
quently the reſiſtance depending thereon, 
than in a diſcontinued fluid, where the par- 
ticles are quite diſengaged and independent 
on each other. But that motion which the 
preſſure ariſing from the compreſſion of the 
fluid occaſions, will depend upon the quick- 
neſs with which the parts of the fluid ruſh 
in towards the place continually, which the 
body attempts to leave, and the celerity 
and readineſs with which this preſſure 
is propagated; and it will always be the 
leſs, the quicker this propagation is. Now, 
if the compreſſion be ſuppoſed indefinitely 
great, and the fluid devoid of elaſticity, this 
preſſure will be propagated inſtantaneouſly, 
and therefore can produce no motion, or 
change of motion, in the parts of the fluid; 
and, of conſequence, can neirherncreaſe nor 
diminiſh the reſiſtance which ariſes from the 

former motion. For the inſtantaneous propa» 
gation of this preſſure renders the action of 
the fluid depending on its compreſſion, the 
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ſame on the parts of the body, before and 
behind. 1 | 


Sir Iſaac tis conſidered very Fully the caſe 
of a body moving in ſuch an infinitely com- 
preſſed non-elaſtic fluid; and has according- 
ingly ſhown; in the ſixth propoſition of this 
ſection, that the reſiſtance to a cylinder in a 
fluid thus conſtituted, is four times leſs 
than the reſiſtance it would meet with in a 
diſcontinued non-elaſtic fluid of the ſame 
denſity. Conſequently i it 1s only 'one' eighth 
part of the reſiſtance of a diſcontinued fluid 
| of the fame nn provided it be e perfeatly 
elaſtic. * 7703 014871 RY i ot e301 | A 

on ilqub 2717 20 b5 

But he. has ante ks nude a 
theſe two ſorts of fluids, namely the diſcon- 
different degrees of reſiſtancè to bodies mo- 
ving in them, but that they likewiſe reſiſt 
very differently bodies which have the ſame 
tranſverſe, ſection, but ſtrike the particles 
with different ſurfaces.) For he has ſhown, 
OL: 5 doch whatever ſurfaces they preſs 
50887 fuch 
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ſuch a continued medium with in paſſing 
through it, if they have the ſame or equal 
tranſverſe ſections, will be equally reſiſted. 
 Whence, in his ſeventh propoſition, he in- 
fers, that the reſiſtance to a globe, moving 
| uniformly in ſuch a medium, bears to the 
force which would generate or deſtroy the 
| whole of its motion in the time it would 

move through a ſpace equal to eight thirds of 

its diameter, the ratio of the denſity of the 
fluid to the denſity of the globe. ; 8 | 
In the firſt corollary he draws from this 
propoſition, he obſerves, that the refiſtance 
to à globe in an infinitely compreſſed me- 
dium of this ſort, is in the ratio compound- 
ed of the duplicate ratio of the velocity, 
the duplicate ratio of the diameter, and the 
ratio 6f the denſity of the medium; that is, 
che velocity. | In the ſecond, he informs us, 
that the greateſt velocity with which a globe 
bend in ſuch a reſiſting medium, by 


tun dei 
che force of its own comparative weight, 
is that which it would acquire by falling at 
e With the fame — rough a 

ſpace, 


PART IJ. GU NNER „ 
ſpace, which is to four thirds of its diame- 
ter, as the denſity of the globe to that of 
the fluid. The third corollary he derives 
from it is this, that, having the denſity and 
velocity of the globe at the beginning of its 
motion, with the denſity of the compreſſed 
fluid, the velocity and reſiſtance of the 
globe, and the ſpace deſcribed by it, corre- 
ſponding to any time are given. And the 
laſt inference he draws from it, is this, that 
a globe, by moving in a compreſſed fluid at 
reſt, of the ſame denſity with itſelf, will 
looſe one half of its whole motion before it 
has paſſed through the n 4 two . 
its own diameters. 85 | 


In the laſt 8 of this ſoftion, he 
compares the theory for the reſiſtance to a 
14 globe, deſcending in ſuch: an infinitely: com 
preſſed and perfectly fluid medium, as I have 
been now ſpeaking, of, with experiments 
made in water and air. Since, ſuch a fluid 
reſiſts in the duplicate ratio-of the velocity, 
and he had conſidered, as J have already ob | 
* the aſcent and deſcent e in 
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a ſimilar or uniform medium, reſiſting, ac- 
cording to this law, in a direction perpen- 
dicular to the plane of the horizon, and ur- 
ged by an uniform gravity, in the fifth 
propoſition of the ſecond ſection; he forms 

a calculus thereupon in this propoſition, 
with regard to falling bodies, and compares 
the concluſion with experiments, 


And now that I am mentioning this pro- 
poſition, 1 cannot help thinking myſelf, in 
| ſome meaſure, called upon to do a Piece of 
juſtice to the memory of Mr Benjamin Ro- 
bins, who has deſerved a great deal of true 
and genuine ſcience, and to clear him of a 
miſtake, with which he is very unjuſtly and 
erroneouſly charged by Mr Muller, in the 
39th page of the introduction to his treatiſe 
on artillery, ſecond edition, printed at Lon- 
don in the year 1 768. After obſerving, at 
the bottom of the immediately preceeding 
page, that the greateſt velocity which a 
leaden bullet of three quarters” of an inch 
diameter can poſſibly have, is that which u- 
niformiy continued would carry it it through 

393 
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395 feet per ſecond, he expreſſes his ſenti- 
ments in relation to Mr Robins's method of 
determining the velocities of ſhot, in the 
following words. Mr, Robins thinks to 
prove, in his ſeventh problem, that the ve- 
O's locity of the foregoing leaden bullet is 
> 1668 feet in a ſecond, which is more than 
four times greater than that above ; and, 
| © what is more extraordinary, he pre- 
* tends to have found the ſame velocity by 
© experiments. As he ſeems to build his 
5g theory upon Sir Iſaac Newton's principles, 
© had he read the goth propoſition, bock 
* his Principia, he muſt have been 
5 convinced of his miſtake,” : This is, a very 
na charge, and, if! i were wall. ground- 


„% a F « 


| all that Mr Robins 135 advanced, with re- 
gard to the determination of the firſt velo- 
cities of ſhot. For this i is the only example 
that Mr Robins calculates f in his ſeventh 
propoſition, from bis theory of the elaſtic 5 
force of the fluid, generated by the firing of 
gun-powder, which he compares in his 
2 9 2 propoſition, wick. the — aſtertain | 
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ed by means of his Balliſtic pendulum, and 


finds to be almoſt the ſame. This is the 
place that Mr Muller refers to, when he 
ſpeaks of Mr Robins, as pretending to hare 
found the fame velocity by experiments, 
| Beſides, it muſt be obſerved, that Mr Robins 
does not ſpeak of this velocity as the great- 
eſt that can poſſibly be communicated to ſuch 
a ball; ; for, undoubtedly, a much greater velo · 
city may. Neither can he be ſaid to have built 
this part of his theory, at leaſt, in the ſmalleſt 
degree upon Sir Iſaac Newton's principles 
For his method of determining the firſt ve- 
locities of bullets is entirely his own. But 


do come directly to the point. It appears 


abundantly plain to me, from the accuſati- 
on itſelf, that Mr Muller had not read, at 
leaſt with proper attention, the ſaid 40th pro- 
poſition of the ſecond book of the Principia. 


It relates intirely to the deſcent of bodies in | 
an infinitely com preſſed and perfectly fluid 
medium; whereas, Mr Robins s calculation, 


4 juſt now mentioned, refers expreſsly to pro- 
jectile motion. And that proj jectile veloct- 


ty may be much greater than the greatel 
FO velocity 
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velocity with which a body can deſcend by its 

comparative weight, in ſuch a fluid, is what + 
no perſon who has conſidered the ſubject, 
with the leaft attention, will ofter to deny. 
Even Galileo himſelf, who was the firſt that 
ſtudied with any care the motions of projec- 
tiles, and the nature of reſiſting mediums, 
ſeems to have been ſufficiently ſenſible of this 
truth. For, in his fourth dialog gue, after 
obſerving, that the heavieſt bodies would in 
time, by deſcending in the air, acquire a de- 


= gree of velocity, which afterwards could 


| not be increaſed, in the ſame manner, as 
| we ſee light bodies ſoon arrive at their 
greateſt velocity poſſible, he ſays, This 
* determinate and ultimate velocity, may be 
called the greateſt, which ſuch a heavy bo- 
dy can naturally obtain in the air. But 
this velocity, I imagine, to be much leſs 
than that which is given to the ſame ball 
* flung. by fired powder.” And he propo- 
ſes to prove this, by firſt firing a muſket 
loaded with a leaden ball, and a proper 
charge of powder, from an hundred yards 
high, or more, againſt a ſtone pavement, and 


then 


— 
„ „„ 
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then firing the ſame with a like charge 
againſt a fone. of the ſame. fore... at a few 
yards diſtance, and examining which of the 
balls was moſt flatted. Every body now 
knows, that this imagination of | his Was 
perfectly juſt. | 
Sir Iſaac Newton begins the propoſition 
already quoted, with a rule for determining 
the greateſt velocity, with which a globe 
can deſcend, in an infinitely compreſſed and 
completely fluid medium; which take in his 
own words. Sit A pondus globi, B pon- 
dus ejus in vacuo, D diameter globi, F 
© ſpatium, quod fit ad 5 D, ut denſitas glohi 
© ad denſi tatem medii, id eſt, ut A ad AgB; 
* G tempus quo globus pondere B abſ- 
« que reſiſtentia cadendo deſeribit ſpatium 
F, et H velocitas quam globus hocce caſu 
* ſuo acquirit. Et erit H velocitas maxima, 
gquacum globus, pondere ſuo B, in medio 
reſiſtente poteſt deſcendere. This, how- 
ever, is the very rule which Mr Muller has 
made uſe of to determine the greateſt poſ- 
ſible projectile velocity of a bullet of three 
| quarters of an a inch diameter, as I find by 
| calculation, 
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calculation. If he has not taken the rule 
from this propoſition itſelf, but found it in 
ſome other place, as in the ſecond corollary 
of the immediately preceding propoſition ex- 
cept one, or picked it up at ſecond hand, 
one might eaſily account for his miſtake, by 
his barely looking at the enunciation . itſelf, 
in which the word progredientis i is uſed in- 
ſtead of deſcendentis; 3.2 circumſtance that 
would naturally lead one, who went no far- 
ther, to conclude, that it related more to pro- 


jectile progreſlive motion, than to chat of 
deſcent. 


Theſe obe 1 thought it incum- 
bent on me to make, not only in vindica- 
tion of Mr Robins, but i in order alſo to 
prevent thoſe, who ſhall happen to peruſe 
the above-cited part of Mr Muller's perfor- 
mance, from ſwallowing ſuch a groſs and 
dangerous miſtake as he has fallen i into, in 
conſtructin g the table which he there. gives, 
with regard to the greateſt poſſible velocities 
of a7 3 


„ Sir a 
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Bir Iſaac Newton concluded, from ſome 
experiments which he made with globes 
falling from the higheſt part of the cupola 
of St. Paul's church in London, that the re- 
ſiſtance of the air to bodies moving in it, is 
nearly in the duplicate ratio of the velocity. 
And it is no wonder, that to ſuch ſmall ve- 
. locities as theſe bodies muſt have deſcended 
with, it ſhould nearly be fo, ſince the com- 
preſſion of that fluid, which atiſes from the 
incumbent weight of the higher parts of the 
atmoſphere, is ſufficient to communicate to 
the particles of it a much greater degree of 
velocity. But, as the velocity of the move- 

able approaches nearer and nearer to an e- 
quality with that, which the parts of the 
fluid have, in conſequence of its compreſ- 
ſion, the reſiſtance becomes greater than in 
this ratio. And when the former of theſe 


velocities is equal to, or greater than the lat- 
ter, the reſiſtance becomes conſiderably 


greater than in the duplicate ratio of the 
velocity; the bullet then leaving a ſort of 
vacuum behind it, and ſuſtaining on its fore- 


part the preſſure of a column of the atmoſ- 
| pher ih . 
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phere, beſides the reſiſtance ariſing from the 
motion which it communicates to the parts 
of the fluid, that formerly, by ruſhing into 
the deſerted place, balanced in ſome mea- 
ſure its reſiſtance, and the more ſo, as the 
velocity of the particles of the fluid, ariſing 
from its compreſſion, exceeded that of the 
moveable. Sir Iſaac Newton, as I former- 
ly obſerved, did not conſider the caſe of a 
body moving in a fluid, which reſiſts in the 
duplicate ratio of the velocity, when project- 
ed in any angle with the horizon. Mr John 
Bernoulli, however, has ſhown how this mo- 
tion may be aſſigned by means of certain 
curves. But theſe curves do not fall under 
the known expreſſions for quadratures. 
His ſolution may be ſeen in the continued 
commentary which the two Jeſuits, Le Seur 
and Le Jacquier, have written on the Princi- 
Pia. After examining it fully, in their com- 
mentary on the ſecond ſection of the ſecond _ 
book of that performance, they make the 
following remark, * Ex, quibus manifeſ- 
tum ſit, verae trajectoriæ deſcriptionem 
© adeo perplexam eſſe, ut ex illa vix quid- 
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quam ad uſus philoſophicos aut mechanicos 


accommodatum poſſit deduci. The ſame 
obſervation may be extended to a ſolution of 
the ſame problem, by Mr Euler, which I 
have ſeen in the Memoirs of the royal aca- 
demy of ſciences at Berlin, vol. 9. page 321. 
He ſeparates his concluſion. into an indefinite 
number of different claſſes of curves, accom- 
modated to the different” firſt velocities of 
bullets. - But, from bis ſolution, fearce any 
advantage can accrue to the practice of ar- 
tillery. For, were it even reducible to com- 
mon purpoſes, which it is not, it could only 

be applied to caſes of ſmall velocity. Sit 
Iſaac Newton appears to have been ſuſficient- 


ly appriſed of the augmentation of reſiſtance 


above that of the duplicate ratio, which 
would take place, when the velocities of 
projectiles become very great, as We learn 


from the fame goth propoſition, cited already 


oftner than once, where, after mentioning 
the diminution: of preffure on the parts of 
the bullet behind, in conſequence of the in- 
creaſe of its velocity, and obſerving; that the 
compreſſion of the aerial fluid is not increa- 
5 8 Ts MED 
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ſed in the duplicate ratio of the velocity, 
which would be neceſſary to render the re- 
ſiſtance accurately in that ratio, he ſays, 
Globi velociores paulo minus premuntur a 
© tergo, et defectu preſſionis, reſiſtentia eorum 
© fit paulo major quam in duplicata ratione 
velocitatis. But it does not ſeem at all 
probable; that he had the leaſt ſuſpicion, 
that the reſiſtance would increaſe ſo prodigi- 
ouſly in the air, beyond this law of the du- 
plicate ratio, to very ſwift velocities; as Mr 
Robins afterwards found it actually to do in 
experiment. | - 
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Even granting, however, that this law of 
reſiſtance ſufficiently comprehended that of 
the air in its full extent, and that it received 
no increaſe from an increaſe of velocity, L 
cannot underſtand the reaſon, why both ma- 
thematical and military. people, for. ſome 
time after Sir Iſaac publiſhed his Principia, 
imagined the parabolie theory, originally 
given by Galileo, ſufficient for the purpoſes 
of artillery, unleſs it be, that men at firſt 
paid more attention to the other parts of that 
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wonderful performance, which are much 
more eaſily comprehended, and relate imme- 
diately to much more popular and ſublime 
| ſubjects than the reſiſtance of mediums, ſuch 
as the theory of the tides, the theory of 


comets, the preceſſion of the equinoxes, the 


| theory of the moon, the figures, motions, 
and other circumſtances telating t to the bodies 
in the Planetary am. 


That this author's theory of reſiſtance coſt 


him a great deal of thought and attention, 


is evident from this, that he had been ma- 
king experiments to aſcertain the reſiſtance of 
fluids, before he had deen able to form any 
theory which he might examine by them. 
For, in the ſame propoſition, he ſays. Ex- 
« perimenta hactenus deſeripta coepi, ut in- 
ja veſtigarem reſiſtentias fluidorum, ante- 
quam theoria, in propoſitionibus proxime 
precedentibus, expoſita, mihi innoteſceret.” 
And, towards the end of it, he illuſtrates the 
ſeventh corollary to propoſition 3 5th, by 
ſhowing, how the diminution of progreſſive 
n which a globe projected in any 
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medium would ſuffer in a given time, on 
the ſuppoſition that the medium reſiſts near- 
ly in the duplicate ratio of the velocity, may 
be computed. This progreſſive motion he 
might perhaps have had in view, when he 
put the word progredientis, in the enuncia- 
tion of the propoſition, which probably led 
Mr Muller into his miſtake. , 


The ingenious Mr Benjamin Robins, who 
died at Fort St. David in the year 1751, in 
the character of engineer. general to the Eaſt 
India company, applied himſelf very early 
to the making of experiments in gunnery, 
which he conducted with a great deal of 


judgement and ſucceſs. In 1742, he pub- 


liſhed a ſmall treatiſe in two chapters, to 
which he gave the title of New principles of 
gunnery, His principal intention in this 
performance is, to aſcertain the velocities of 
bullets, particularly their firſt velocities, and 
to demonſtrate that the reſiſtance of the air 
to ſuch ſwift motions is much greater than 
any perſon before his time had imagined. 

| | In 
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In the firſt chapter, he propoſes two me- 
thods, which are intirely his own, of deter- 
mining the firſt velocities of military projec- 
tiles. One of theſe is by meaſuring the force 
of a permanent elaſtic fluid, generated by 
the firing of gun-powder, made according to 
the government-ſtandard, in which it waz 
lodged betore the exploſion, in a fixed ſtate. 
This fluid, he ſays, agrees intirely with the 
air, in the articles of condenſation, expan- 
ſion, and elaſticity, The other is by. firing 
againſt a pendulum, which ſwings freely, 
and has a narrow. ribbon faſtened to its bot- 
tom, which, by paſſing between two ſteel 
edges, always meaſures the chord of the arc 
deſcribed by the motion of the pendulum, 

From theſe two methods he brings out the 
velocities of balls of the ſame diameter, when 


fired with equal quantities of powder of the 


ſame quality, in a great variety of inſtances, 
almoſt in a perfect ſtate of agreement or 
| equality, which is a mene that makes 
much for the truth of both. 


In the ſecond chapter, he ſhows by. ex” 
periment, 


* 
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periment, that the reſiſtance of the air, 
even to a velocity of 400 feet per ſecond, 

is ſomewhat greater than in the duplicate ra- 
tio of the velocity; and that, to the ſwifter 
motions of muſket or cannon- hot, the re- 
ſiſtance exceeds this ratio, nearly in the ra- 
tio of 3 to 1. He likewiſe was the firſt 
who diſcovered, that a bullet fired from an 


ordinary muſket or cannon, beſides being 


affected by the reſiſtance of the air, and the 
action of gravity, receives a whirling mo- 
tion, or rotation round an axis, the poſition 
of which is not at all conſtant, but uncer- 


tain and variable; ; and that this rotatory mo- 


tion is the real cauſe,” why. the track of the 
ball 1s doubly incurvated, and carries it to 
a conſiderable diſtance, from the plane paſ- 
ling through the axis of the piece perpendi- 
cularly to the horizon. This lateral deffec- 


tion or deviation from the incurvated line, 
which the bullet deſcribes in paſſing through 


the medium by the action of gravity alone, 
very much diſtreſſed Mr Robins in making 
his experiments. The exiſtence of this 


motion he clearly demonſtrates ; the difficul- 


ty 
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ty he acknowledges, and ſeems abundantly 


ſenſible, that it muſt introduce a degree of 


uncertainty into all concluſions drawn from 
experiments made with pieces generally in 
* uſe. | p | | | 


This judicious experimenter does not 

pretend to aſcertain accurately the law of 
reſiſtance in the air, or to determine preciſely, 
how the augmentations to that, which is in 
the duplicate ratio of the velocity, take place, 
His whole treatiſe, however, is written 
with a great deal of perſpicuity and elegance, 
and well deſerves to be peruſed and exa- 
mined attentively by every engineer and ar- 
tilleriſt, voy | 


In a diſcourſe which was afterwards read 
before the royal ſociety, and is inſerted at 
Page 179. vol. 1. of his mathematical tracts, 
. publithed at London by Mr Wilſon, to whom, 
| with Martin Folkes, Eſq; then preſident 
of the royal ſociety, he left by his laſt 


will the care of his papers, he mentions 
a very curious circumſtance, with re- 
gard 
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gard to the reſiſtance of the air. Having 
obſerved, in the courſe of his experiments, 
that there is a certain velocity, at which the 
augmentation of reſiſtance is prodigioully 
increaſed, and finding this velocity to coin- 
cide nearly with that, which ſound has in its 
propagation through the air, he offers his 
reaſ-ns for believing, that, in this caſe, the 
| air does not make its vibrations quick e- 
nough 'to fill up inſtantaneouſly the place 
deſerted by the bullet, and therefore leaves a 
fort of vacuum behind it. He ſays, that the 
reſiſtence which the body then meets with, 
is thrice as great as that, which is compu- 
ted according to the duplicate ratio of the 
velocity. This, however, he propoſes, to be 
tried more accurately by experiment; and 
does not pretend to ſay, that this treble re- 
| fiſtance abſolutely takes place inſtantaneouſſy, 
or all at once. The very experiments made 
by himſelf are ſufficient to overturn this ſup- ö 
poſition. And I have great reaſon to be- 
| lieve, as I ſhall, on ſome other occaſion, take 
an opportunity of ſhewing, that ſuch is not 
in reality the caſe, but that there is a certain 


gr:dation 
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gradation in this increaſe of reſiſtance, which 
may be determined by calculation; and con- 
firmed by experiment. In this diſcourſe, 


Mr Robins lays down two propoſitions, up- 
on which he proceeds in approximating the 


actual ranges of pieces with ſmall angles of 


elevation, ſuch as do not exceed 8 or 10%, 
which he fets down in a table compared 
with their correſponding potential ranges. 
The firſt of theſe is, That, tilt the velocity 

of the projectile furpaſſes that of 1100 feet 
in a fecond, the reſiſtance may be eſteemed 
to be in the duplicate proportion of the 
velocity. And the ſecond is, That, if 
© the velocity be greater than chat of 11 or: 
© 1200 feet in a ſecond, the abſolute quan- 
 *tity. of the reſiſtance will be near three 
times as great, as it ſhould be by a com- 

| < pariſon with the fmaller velocities.” Nei- 
ther of theſe rules, Mr Robins ſeems to be 
| ſatisfied, is accurately or ſtrictly true. He 
only lays down. theſe poſitions as calculated 
to be of conſiderable ſervice in the practice 
of artillery, till a more complete and accu- 
11 HA F 
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rate theory of reſiſtance, and the changes of 
its augmentation, be obtained. 


L am certain, at leaſt from ſome experi- 
ments which I ſaw tried in company with 
two gentlemen of my acquaintance, with a 


experimental purpoſes *, which had a qua- 
drant adapted to it, with a teleſcope, having 
the pre paſſing through its axis, perpen- 

e dicu- 


This invention was the united conti ivance of Dr 


gentlemen well known to their acquaintance for their in- 
genuity. To ſuch a rifled piece carrying a leaden ball, 

with protuberances or knobs caſt on it to fit exactly the 
rifles, a quadrant was adapted with a teleſcope, croſs 
wires, &c. This quadrant is equally applicable to any 
gun of a ſimilar conſtruction, ot whatever ſize or caliber, 
The line of collimation of the teleſcope being once ad- 
juſted, ſo as to be truly parallel to the axis of that, or any 
other ſuch gun, when the quadrant i is ſet at o degrees; if 
che quadrant be afterwards ſet to any degree of eleva- 
tion, and the gun be moved fo as to bring the interſec- 
tion of the croſs-wires on. the object to be fired at, the 
bore of the gun will chen have the ſame elevation above 
it, and the plane paſſing through its axis will be parallel 


ever poſition the carriage of the mn happens to Rand in, 
This 


rifled field-piece, caſt at Carron, for ſome 


Lind and Captain Blair of the 6gth regiment of foot, two 
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dicularly to the horizon, parallel to that paſ- 
ſing through the axis of the bore of the 
piece perpendicularly to the ſame: That 
the reſiſtance of the air to a velocity ſome- 


what leſs than that mentioned in the firſt 
of theſe propolitions is conſiderably greater 


than in the duplicate ratio of the velocity ; 
and that, to a celerity ſomewhat -greater 
than that condeſcended on in the ſecond, the 


reſiſtance is a good deal leſs than that which 
is treble the reſiſtance in the ſaid ratio. In- 


deed, 


This will ferve to give a general idea of the piece made 
uſe of; but a particular deſcription of all its parts I omit 
inſerting here, as theſe gentlemen have not yet thought 
proper to communicate it to the public themſelves. 

It ought likewiſe to be obſerved, that all balls uſed for 
rifled pieces ſhould be made of lead; for balls made of 
caſt iron would ſoon deſtroy the rifles. Beſides, as lead 
is ſpecifically heavier than caſt metal, it will meet with a 
ſmaller degree of retardation from the reſiſtance of the 
air, and will conſequently fly to a greater diſtance. There 
is alſo another advantage ariſing from the uſe of leaden 
balls with ſmall field-picces, which is this; that it frees an 
army from the neceſſity of carrying large quantities of 
iron-ſhot from place to place, ſince lead is commonly to 
be got in moſt countries from the roofs of houſes and 
churches, and may be caſt into balls as occaſion re 
quires, 8 2 
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deed, ſome of Mr Robins's own experiments 
ſeem neceſſarily to make it ſo; ſince, to a 
velocity no quicker than 400 feet in a ſe- 
cond, he found the reſiſtance to be ſome- 
thing greater than in that ratio. After aſ- 
certaining the firſt velocities of the bullets 
with as much accuracy as poſſible, I inſtitu- 
ted a calculus, from principles, which had 
been lying by me for ſome time before, 
and found the reſiſtance to approach nearer 
to that which exceeds the reſiſtance in the 
duplicate ratio of the velocity by that, which 
is in the ratio of the velocity, than to 
that, which is only in the duplicate ratio. 
However, I have not had an opportunity of 
ſeeing ſo many experiments of this ſort tried, 
as I would judge fufficient to enable me to 
pronounce poſitively with regard to the ac- 
curate law of the air's reſiſtance. 


It is well known, that Sir Iſaac Newton 


has not conſidered - the motion of a body 


projected in any angle with the horizon in 


a fluid, which reſiſts more than in the du- 


Plicate ratio of the velocity, by a reſiſtance 
| | 70 
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in the ratio of the velocity, and acted upon 
during its flight by gravity. And I do not 
know that any author has conſidered it in 
ſuch a manner, as to aſſiſt any one in form- 
ing a calculus, or computation, with reſpet 
to it. After I ſhall have got, however, a 
ſufficient number of. experiments to my ſa- 
tisfaction, and ſuch as I can depend upou 
as being perfectly accurate, I ſhall probably 
lay down the mathematical calculations both 
for this law of reſiſtance, and for ſeveral o- 
thers as yet not examined by any perſon, 
ſome of which I firongly ſuſpect, from dit- 

ferent appearances, and, I think, with good 
| reaſon, approach exceedingly : near, if not 
| entirely, to the real reſiſtance of the air un- 
der different circumſtances ; and ſhall like- 
; wiſe illuſtrate the principal propoſitions in 
the ſecond book of the Principia, indep:n- 
dent, in a great meaſure, of the hyperbola, 
being already in poſſeſſion of the chief ma- 
terials requiſite for that undertaking. And 

1 believe, that the frequent uſe made of this 
figure by Sir Iſaac Newton in that book, is | 
6 F Olle 
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one of the principal things that freighten 
moſt people from reading it. 


I muſt, however, obſerve, that, in the ex- 
periments mentioned above, the lateral de- 
flection or deviation, ſo much complained 
of by Mr Robins in different parts of. his 
tracts, was entirely prevented. For this de- 
parture from the plane paſſing through the 
centre of the teleſcope, and that of the mark 
on the canvas ſeen through i it, at the diſtance 
of 1 500 feet, did not exceed, when greateſt, 
one foot and an half, or two feet, which 
might eaſily be occaſioned by the minuteſt 
change in the poſition of the quadrant, ex- 
cept one morning when the wind was un- 
favourable, and blew pretty hard, and there- 
by ſent the bullet to the diſtance of about a 
yard from that plane. The balls were all 
numbered on the faces which were ſent 
home to the breach of the gun, had knobs 
or protuberances upon them to anſwer the 
grooves or rifles; and, of upwards of forty 
of them fired to tho diſtance of 1 500. feet, 
not one had ſhifted: its face, the numbered 


ſides 
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ſides being all entire, and the oppoſite ones 
conſiderably bruiſed and deformed. Had 
Mr Robins tried that great multiplicity of 
experiments which he made, with ſuch a 
piece as this, he would probably have been 
even more ſucceſsful than he was in diſco- 
vering the nature of the air's reſiſtance. 


In the ſame diſcourſe already mentioned, 
he gives directions for approximating the 
actual range at any angle not exceeding 45, 
the potential range being known, and forms 
a table for comparing the potential randoms 
with the actual ranges at an angle of 450, 
on the ſuppoſition that the propoſitions 1 
ſpoke of as laid down by him are true. The 
reſt of his tracts on gunnery, which relate 
to ſeveral different particulars, deſerve to be 
read with great attention. His practical 
maxims ought to be remembered, and ſtu- 
died carefully by every artilleriſt. At the 
end of them, there is a diſſertation of his, on 
the Nature and Advantage of Rifled Barrel 


Pieces, wherein he mentions ſome experi- 


ments made by him with pieces of this ſort, 
| in 
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in which the deflection of the bullets was 
prevented. This, he ſays, was owing to the 
whirling motion, which they received from 
the rifles, round an axis coinciding with the 
lines of their flight. He obſerves, that this 
prevention will always take place, when the 
angle of elevation is not great, and the path 
of the bullet not much incurvated. How- 
ever, if either the angle of elevation, or the 
curvature of the bullet's tra& through the 
air be great, the inclination of the axis round 
which it whirls will cauſe irregularities, 
which will often produce conſiderable de» 
flections. 


Accordingly, he propoſes to make uſe of 
bullets of an egg-like form, inſtead of ſphe- 
rical ones, and to fire them with their broad 
ends foremoſt, that their axes may be always 
carried by their centres of gravity into the 
lines of their flight. And no doubt ſuch a 
propoſal might be very ſucceſsfully execu- 
ted. In making theſe experiments, how- 
ever, Mr Robins did not uſe the contrivance 
of knobs or protuberances, mentioned above, 

| 5 on 
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on his bullets, which might have exactly 
filled the rifles, without preventing the bul- 
lets themſelves from being eaſily ſent home 
in the piece. All experiments in gunnery 


for aſcertaining the reſiſtance of the air, or 


the force of gun- powder, thould unqueſtion- 
ably be made with rifled pieces, properly 
adjuſted, and furniſhed with ſome ſuch con- 
trivances as thoſe deſcribed above. For thoſe 
which are made, even with the beſt pieces 
now in common uſe, cannot be much de- 
pended on. And it cannot be doubted, that, 
were the reſiſtance of the air accurately al- 
certained, and eaſy rules delivered for com- 
puting it, the introduction of rifled pieces, 
with ſuch contrivances, in war, would turn 


the advantage greatly on the ſide of thoſe 
wiio 4 firſt dae uſe. them. Beides, ſuch 
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5 There is one circumſtance hich ought. likewiſe to 
| be particularly attended to, which is this; z that each bul- 
let retained the whirling motion which it received from 
the rifles, during the whole courſs of its flight. F. or the 
bruiſed face of each bullet was twiſted i in ſuch a Way, in 
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pieces well adjuſted, would, I think, great- 
ly facilitate 'the determination of the firſt 
velocities of projectiles, which is the firſt 
deſideratum in gunnery. Both Mr Robins's 
methods are certainly very ingenious, and 
diſcover the author of them to have been a 


very able and ſagacious man. But the firſt 


of them is neceſſarily liable to great uncer- 
tainty, from the changes produced in pow= 
der by heat, moiſture, and other circum- 
ſtances. And the ſecond is ſearce applica- 
ble, at all, to large or heavy ſhot, | 

However, having rifled pieces properly 
adjuſted, I could undertake to calculate ſuch 
tables on the ſuppoſition of any law of re- 
ſiſtance whatever, that, from them, the firſt 
velocities of all bullets might be taken, with 
almoſt as much eaſe, as we uſually take out 
logarithms; and that too, on any occaſion, 
and in any place, where ſuch pieces can be 
fired. And it ought not to be omitted, 
that there is one very neceſſary circumſtance, 
which ſhould be particularly attended to in 
performing experiments in gunnery, which 

| H 19 
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is this, that no perſon ſhould ſet about ma- 
king ſuch experiments, who is not poſleſſed 
of a ſufficient ſhare of mathematical know- 
ledge, to conduct him in his proceedings, 
and to enable him to apply accurate mea- 
ſurement and calculation to thoſe ſuppoſi- 
tions, which his own fagacity, whetted by 
ſuch knowledge, may ſuggeſt to him in the 
courſe of trial and obſervation. A man, wha 
is not thus qualified, may perform millions 
of experiments, without deriving from them 
much information to himſelf, or aſſiſtanee 
to others. | 


As I do not know of any author ſince Mr 
Robins's time, who has made any diſcovery 
worthy of notice, relating to the reſiſtance 
of the air, I ſhall ſet down ſome problems, 
or queſtions, in reference to the reſiſtance of 
mediums, to exerciſe in the mean time the 
ingenuity of mathematicians and ſcientific 
engineers, who are above tying themſelves 


down to the erroneous practices of their pre- 


deceſſors and companions, . Moſt of them | 
have 


he 
pt 
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have already conſidered, and the reſt I ſhall 


probably make the ſubje&t of my future exa- 


| mination. | 


PROBLEM I 
To determine the firſt velocity of any 
bullet. 


of the rename when it 1 2 ated upon by a 
gravity, which increaſes as the ſquare of the 
diſtance from the centre of gravitation de- 
creaſes. 


Pp R O B. 


To determine the motion x of a body AE 
jected i in a ſuch medium, and acted upon by 
the lame ſort or gravity. 


PROB. 
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To determine the velocity, which a body 
muſt acquire, by falling from reſt in ſuch a 
medium, in orderyto ſuffer a degree of re- 

ſiſtance, equal to the force which it receives 

from the ſame ſort of gravity ; and when, 


2 8 R 0 1 | > © 


Ta deterggine the ſame things in ſuch ; 


medium, when the body is acted upon by 
a gravit) which is in any ratio, either in- 


verſely or directly, of the diſtance from the 


centre of gravitation. 


To determine the motion of a body pro- 
jected in ſuch a medium, and acted upon 
by a gravity in any ratio, either inverſely or 
directly, of the diſtance from the centre of 
gravitation, 8 | 


PROB, 


PA 


Cit 


th 
12 


To ſolve the five immediately preceeding 
problems, when they relate to a medium, 
which reſiſts partly 1 in the ratio of the * 
city, and partly in a conſtant. ratio. 


P R O B. vw. 


To ſolve each of the ſame betet 5 \ when 
they relate to a medium, whictMcſiſts ; in the 
ratio of any multiple of the yd 
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To ſolve * of the ſame, when they 


relate to a medium, 5 3 reſiſts partly in 
the ratio of any multiple of the velocity, 
and partly i in a conſtant ratio. 


0% ma 


To folve each of the ſame problems, when 
they relate to. a medium, which reſiſts in 


ſuch 
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arith tically to a certain limit, and then 

* conſtant or invariable. 
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-” To ſolve each of the ſame, when they re- 
late to a medium which reſiſts in ſuch a 
| multiple of the velocity, as increaſes geo- 
am, to a certain limit, and then be- 


ariable. 
a 


* R O B. XII 


To ſolve each of the ſame, when they re- 
late to A medium which reſiſts in ſuch a 
multiple of the velocity, as decreaſes, either 
| arithmetically or geometrically, to a Certain 
limit, and then bechnes invariable. 


1 


To ſolve each of the ſame, when they 
relate to a medium, which reſiſts partly in 
ſuch a multiple of the velocity as increaſes, 
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6. 


either arithmetically or geometrically toa cer- 
tain limit, and then becomes invariable, and 
partly in a conſtant ratio. VT * 


p R OR A ] 


To ſolve each of the 1 when they 185 i 
late to a medium, which reſiſts in ſuck'a 
multiple of any multiple of the velocity, a a8 
increaſes, either arithmetically or geame 
cally, to a certain limit, and ** becomes 
invartable. 


To ſolve each of the fa N 25 when 1 re- 
late to a medium, which reſiſts partly in ſuch 


a multiple of any multiple of the velocity, as 
| increaſes, either arithmetically or geometri- 


cally, to a certain limit, and then becomes 
W and pc in a conſtant ratio. 


PRO B. XVI. 


To ſolve each of the axes when they re- 


late 
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hte to a medium, which reſiſts partly in 
ſuch a multiple of the velocity, as decreaſes, 
either arithmetically or geometrically, to a 
certain limit, and then becomes invariable, 
and partly i in a conſtant ratio. 


| R « o B. XVI. 
To ſolve each of the ſame, when they re- 
late to a medium, which reſiſts in ſuch a 
multiple of any multiple of the velocity, 
as decreaſes, either arithmetically or geome- 

to a certq i n limit, and then becomes 
invariable. 2 
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+: ol ole each of the "hi when they re- 
late to a medium, which reſiſts partly in 
ſuch a multiple of any multiple of the velo- 
city, as decreaſes, either arithmetically of 
geometrically, to a certain limit, and then be- 
comes invariable, and partly in a conſtant 
ratio, | | 
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p R O B, XIX. 


To ſolve each of the ſame, when 5 


relate to a medium, which reſiſts in any 


multiplicate ratio whatever of the velocity. 


A B. O0. R. W 


T o ſolve each of the ſame, when they re re- 
late to a medium, which reſiſts in ſuch a 
multiple of any multiplicate ratio of the ve- 
locity, as increaſes or decreaſes arithmeti- 
cally or geometrically, to a certain limit, 


and then becomes invariable. 


If the multiple of the ratio of the velocity 
be (2), and the multiple increaſing to a cer- 
tain limit be an arithmetical progreſſion, the 
law of reſiſtance will, I apprehend, be found 


to differ not very widely from that which 
really s in the air. 


rn O B. XXI. 


To tee each as the 1 when they re- 
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late to a medium, which reſiſts more than 


in a multiplicate ratio of the velocity, by a 
refiſtance, which 1 is in the ratio of the velo- 


N 


P R O B. XXII 


To ſolve each of the ſame, when they re- 
late to a medium, which reſiſts more than 
in a multiplicate ratio of the velocity, by a 
reſiſtance which is in the ratio of the velo- 
city, and likewiſe by a reſiſtance which 1 is in 
a conftant ratio. ; 


Jo folve each of the ſame, when they re- 
late to a medium, which reſiſts more than in 
ſuch a multiple of a multiplicate ratio of the 
velocity, as inereaſes or decreaſes arithmeti- | 
cally or geometrically, to a certain limit, and 
then becomes invariable, by a refiſtance, 
which is in the 1 ratio of the velocity. 


x the inreaing multiple be: an arithme- 
* tical 
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tical ſeries; and the multiple of the ratio of 
the velocity (2), the law of reſiſtance will 
approach nearer to that of the air, than the 
law mentioned! after problem 9 


P R O B. XXIV. 


To ſolve each of the ſame, when they re- 
late to a medium, which reſiſts more than 
in ſuch a multiple of a multiplicate ratio of 
the velocity, as increaſes or decreaſes arith- 
metically or geometrically to a certain limit, 
and then becomes invariable, by a reſiſtance, | 
which is in the ratio of the velocity, and 
a reſiſtence, which is in a conſtant ratio. 


If the increaling —_ be an arithme- 
tical ſeries, and the multiple of the ratio of 
the velocity (2), the law of refiſtance will 


approach bans te near to ae which ac- 
2 holds in $$ air. ck 


Thus have 1 endeavoured to entiticrate, 
wn as Se brevity Yom PORT? the I 
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thors, - 
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thors, with regard to the reſiſtance of medi- 
ums, the advances which they have made 
towards the aſcertaining; of the air's reſiſtance 
to bodies of different forms, moving in it 
with different degrees of velocity, the arti- 
fices which they have employed, in order 
to derive ſome uſeful concluſions, from their 
- notions of this reſiſtance, in the practice of 
gunnery, and to point out what and how 
much is ſtill wanting for the completing of 
this art, both in theory and Practice. 


But what. I have already obſerved, hh 
regard to the reſiſtance of mediums, relates 
only to that which is made to the ſuperficics 
of bodies moving through them. And this 
indeed is the only ſort of reſiſtance, which 
ouglit to be taken into account by thoſe 
who treat of this ſubject, or conſider the 
doctrine of Prejectiles. Sir llaac Newton, 
in conſequence of an opinion, which prevail- 
ed very generally among the philoſophers of 
his time, that there is a certain very ſub- 
tile actherial medium, which paſles. through 
5 „. a. and interſtices of al bodies, with 

| Fu 
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great PA and idee nende! to 
make an, experiment, which, however, he ne- 
ver repeated, probably not thinking it wor- 
thy of notice, to try, whether bodies ſuffer 
any reſiſtance on their internal parts from 
ſuch a medium. For he conceived, that, 


W ;f there be ſuch a fluid, it mult give reſiſtance 


to the internal parts of bodies. The expe- 


riment is related at full length by himſelf 


in the general ſcholium to Prop. 31. Book. 2. 


But, from the nature of the experiment 
itſelf, as well as from the circumſtances at- 
tending it, we have reaſon to affirm, when 
we examine his concluſion, that-no inference 
can be drawn from it, favourable to the ſup- 
poſition of the exiſtence of a fluid, which re- 
liſts internally the parts of bodies moving 
through it. For he was only able to con- 
clude, all other cauſes being excluded, 
which excluſion he does not however ſay 
ought to be made, that the internal reſiſtance 


to the parts of pieces of different metals 
put into a wooden box, ſo as to fill it, which 


was made to ſwing, like a pendulum, from 
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| ling from the air. Now we know, that the 


with ſuch ſmall velocities, is but inconſider- 
able, and that the rybr part of it was ſuffici- 


theſe weights with that of the box 


tals put into me box. a oils 
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a point, diſtant only about ſix feet from th poi 


perpendicular, amounted to no more tha N ſwi 
the 7757 part of the external reſiſtance at bro 


reſiſtance of the air to bodies moving in it 


ently. ſmall, to have eluded intirely any mes ¶ Nou 


ſurement, Which could have been derived ſec 


from his experiment, particularly when weer 


conſider the circumſtances which attended it. Non. 


For he weighed the fir-box, into which theſe 
Pieces of different metals were put, part ofthe 
thread which ſuſpended it, the quantity of 
Air which it contained, before any thing 
was put into it, and compared the ſum of 


when filled with the. different me- 
tals. He likewiſe contracted the thread, in 
conſequepce of the increaſe of tenſion ari- 


fing from the additional weight of the me- | f 


— the leaſt Wilk in colon to any 
of theſe cixouttiſtanoes, or with regard to the 


point 


PART I. 8 UN N . R Y, 5 71 


point from which he allowed the box to 
ring when empty, was ſufficient to have 
Wbrought out his concluſion. He might pro- 
Wbably have drawn a quite different one, had 
De tried the experiment a ſecond time, 
nich he has informed us he did nat, think- 
Woe, itis likely, the ſubject of it too. ridieu- 
; ous to merit much attention, And in 

Weed it muſt be owned, that it was an ex- 


(i 
eriment ſearce worthy of the great News 
1. on. His words are theſe : * Hoc experi- 


mentum recitavi memoriter; nam charta, 
in qua illud aliquando deſeripſeram, inter- 
eidit. Unde fractas quaſdam numerorum 
partes, quae memoria exciderunt, omittere 
cCcompulſus ſum. Nam omnia denuo ten- 
| tare non vacat.“ | 4 


This acther has been imagined to be the 
3 uſe of gravitation, coheſion, magnetiſm, 
pulſion, ſenſation, and ofalmoſtallthe phae- 
0 Mena. in nature. It has been conceived 
1 growing always denſer, as you re- 
an i de from the bodies of the fn, and Leg 
the ts, „ 


” a 75% pu 4 , 
1 — 
W 


But, 
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But, if the motion of the earth to- 
wards the ſun be occaſioned by the impulſe, 
of a medium growing always denſe ff 
as you recede from that luminary, and 
Ks elaſtic force increaſe with its denſ- 
ty, like that of the air. ought. not theſe 
impulſes to be always diminiſhing as you 
| go nearer to the ſun? But, they muſt be al 
ways increaſing, to produce gravitation 
Wherefore the hypotheſis is abſurd. 


In like manner, if this aether is rarer in 
and at the planets, than at ſome diſtance 
from them, ought nat the acceleration of bs 
dies towards the earth to be always dini 
niſhing, inſtead of increaſing? This, bon. 
ever, we know, is not the caſe. - 

It will move in two oppoſite directions i 
impelling the earth and moon towards ther 
common center; in two other oppoſite d- 
rections, i in impelling the ſun and earth to- 
wards their common center ; in two olle 
oppoſite directions, i in impelling the ſun ao 


each of the other planets toward their col 
| 5 * Mol 
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mon centres, reſpectively. And,; as the po- 
ſition of the earth and moon is infinitely va- 


ried in the courſe of one revolution round 


the ſun, does not this fluid move in diame- 
trically oppoſite directions acroſs the di- 
rection of its motion towards that body, and 
in an infinite variety of ways and poſitions ? 
Is not the ſame obſervation applicable to Ju- 


Piter and his ſatellites, to Saturn and his ſa- 
tellites, and to all the bodies in the ſolar 


ſyſtem, ſince they mutually gravitate towards 
one another? What an infinite variety of 
oppoſite motions, then, muſt this aether dance 
with through the univerſe? That ſuch- an 
infnite diverſity of oppoſite motions in the 
waves or pulſes of this fluid ſhould exiſt, is 
altogether impoſſible. Would they not 


ſoon, by encountering, deſtroy one another, 
and reduce the whole fluid to an aceuilibrium | 


or fate of reſt? 


Baſes 6 as ſoon as the common center of 
the earth and moon has changed its poſition 
in abſolute ſpace, and come to ſome other 
Pn the pulſes or waves of this fluid muſt 
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proceed in oppoſite directions towards that 
point, 'and impel theſe bodies towards the 
ſame. And, as theſe bodies are connected 
with the other bodies in the ſyſtem, in all 
- poſitions they may happen to be in, we 
ſhall. have aetherial whirlpools in almoſt eve- 
ry point of ſpace bounding the ſolar ſyſtem. 
Let any one then, who chuſes to hold ſuch 
an abſurd bypotheſis, ſhow, how it is poſ- 
ſible for a fluid to move through itſelf, in 


an infinite variety of oppoſite directions, at 
one and the ſame time. 


915 But theſe are . one half of the abſurdi- 
ties, that this hypotheſis is clogged with. 
The force of gravity, with which any body 
tends towards another, depends not only on 
its diſtance from, but alſo on the quantity of 
matter in, that other body. How then, is 
the elaſtic force of this medium, in impel- 
ling bodies towards one another, varied with 
their quantities of matter? The poflibility 
of this, it is incumbent on thoſe to demon- 
ſtrate, who hold the Anf of ſuch an 
* *r en 


beide, 
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Beſides, if ſuch a fluid be the cauſe of gra- 


of this propoſition, that the ſpecific gravi- 
ties of bodies, or their weights under equal 
bulks, are proportional to their quantities of 
matter. For how can the ſolid particles of 
this fluid equally impel the ſolid internal 
particles of bodies reſpectively, in the direc- 
tion of gravity? This cannot be ſuppoſed 
by the advocates for ſuch an aether, with- 
out maintaining the penetration of impene- 
trable ſubſtances, or ſhowing matter not to 
be impenetrable; which has never yet-been 
done, and is altogether inconſiſtent with rhe 
Newtonian idea of it, 


And, 5 on the ſuppoſition, that the 
| denſeſt body we know is far from being per- ; 
fectly ſolid, but has many pores or interſtices 
= betweenits conſtituent parts; and that the ſolid 
8 particles of this fluid, by entering theſe 


pores, could impel, i in ſome direction or other, 
every particle of the body; thoſe which were 
impelled i in a direction perpendicular to that 
of gravity, would have no gravitation at all, 


vitation, how can we be certain of the truth 
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in the fluid on the ſame ſurface muſt at leal 


76 HISTORY OF Parr! 


and thoſe which received the impulſes of 
theſe actherial particles, in directions any 


way inclined to that of gravitation, would 


Have their gravities diminiſhed in the ratios 
of radius to the coſines of theſe angles of in- 
clination reſpeQively. They muſt either 


draw this concluſion, or maintain, that ſolid 
particles may be penetrated by ſolid particles, 
which laſt is an impoſſibility, and, of courſe 


I abſolute nonſenſe. 


NET let us Fappole, that there were 
two plates or laminae, one of gold, and the 
other of cork, ſo thin; that the ſolid particle 


of a fluid thus conſtituted might cafily 


impel each of the particles compoſing them, 


in the direction of gravity, without the ab- 
ſurd hypotheſis of the compenetration of 


matter. According to the univerſally re- 
ceived idea of gravitation, theſe ought to 


| deſcend equally towards the earth, with gra- 
vities proportional to the ſolid particles 
which they reſpectively contain. This then 


being the caſe, the number of ſolid partic 


equal 
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equal, if not exceed; the number of ſolid con- 
ſtituent particles of the plate of gold. Nay, as 


many of them muſt have paſſed through the 


 interſtices between the conſtituent ſolid par- 
ticles of the plate of cork, have 'we not rea- 
ſon to conclude, that many of them likewiſe 
paſs through the pores, between the ſolid 
particles compoſing the plate of gold? Be 
this, however, as it will, if the particles of 


the fluid be equal among themſelves, one of 


the ſolid component particles of the cork 
muſt be equal, in reſpect of matter, to one 


of the component particles of the gold. And 


the like inference would hold, in relation to 
all bodies and fluids that we are acquainted 


with. Now, if the particles of the fluid be 


equal to thoſe of the gold, as we have rea- 
ſon to infer from this concluſion, drawn in 


conſequence of an aether, it muſt at leaſt e- 
qual gold in denſity. In this caſe, the hea- | 
venly bodies, on the ſuppoſition, that their 


mean denſities equalled that of gold, would 


have one half of their whole motions 


deſtroyed, before they moved through ſpaces 
equal reſpedtively to twice their diameters; 
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Principia, book 2. prop. 38. cor. 4. and ſcho- 
lum to lemma 7. And, ſurely, it lies on the 
aſſertors of the exiſtence of the ſaid aether, 
if they refuſe this, to demonſtrate, that the 
| particles compoſing it are leſs than thoſe 
com n uu 


| But how can a fluid ſo conſtituted be the 
cauſe both of attraction and repulſion, which 
we obſerve to take place between the ſame 
bodies at different diſtances ? | Why ſhould it, 
at the ſame inſtant of time, give riſe both 
to gravitation and coheſion, when they 
àcdt in direct oppoſition to each other? How 
can that which is ſuppoſed to be the cauſe 
of gravitation, be likewiſe referred to, as the 
cauſe of magnetiſm, which, from experi- 
ments made by Sir Iſaac Newton and others, 
does not ſeem to be ſubject to the ſame law 
; with it ; nor even, in different magnets, to 
one and the ſame law ? If the elaſticity of this 


7 fluid be the cauſe of 'all theſe different phae- 


nomina, what modifications does it under- 
go, to produce theſe different effects? For, I 


confeſs, that, unleſs in reſpett of degree, I 
can 
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can diſcover no alterations it could poſſibly 
be ſubject to. And the degree of power in 
any cauſe does not certainly change the na- 
ture, either of the cauſe, or the effects which 


it produces, but only varies the quantity or 
meaſure of it. 


83 Beſides, ſuppoſing we were even to allow, 


of all theſe things, which we cannot poſſibly 


the great advantage or inſtruction, ariſing 
from deducing gravity in this manner, and 
what is the cauſe of this elaſticity ? Is it a 
more general property in bodies than gravi- 
ty ? Surely, we have no reaſon to ſay ſo. We 
know of many bodies devoid almoſt of ela- 
ſticity, but of none, which do not poſſeſs 
gravity in proportion to their quantities of 


of philoſophiſing, to account for a thing 
perfectly general, as far as we have yet been 


of 


that the elaſticity of this æther is the cauſe 


do, without allowing manifeſt abſurdities 
and impoſſibilities, we might aſk, what is 
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| matter reſpectively. Is it a proper method 


able to diſcover, by that which is only limit- 
ed and particular? How could the motions 
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of the heavenly bodies, or indeed any regu- 


5-7 
| arity of motion in the univerſe, ſubfiſt with 
the exiſtence of ſuch a fluid? ; 
Some aſlertors of this doQrine have, it is 
true, ſtartled at the regular and undiminiſh- l 
ed motion of the celeſtial bodies, through h 
ſo long a ſeries of ages, and have affirmed t 
this aetherial fluid of theirs not to be inert but 6; 
devoid of reſiſtance; and even Mr Maclaurin f 
has ſuppoſed the exiſtence of equal ſoliditie, WY 1: 
with unequal degrees of reſiſtance, or vis i- T 
nertiae, not adverting to this, that the ſup- ſo 
poſition, which he makes partially, may BW ve 
with equal juſtice be made univerſally ; and pb 
that with the ſame reaſon that it is ſuppoſed, H. 
that matter may exiſt with different degres Wi to 
of vis inortiae, it may be ſuppoſed to exit Wi as 
without vir inertiae altogether. . What i wr 
this, however, but to affirm, that matter ny 
may both be, and not be, at the ſame time? pot 
For, remove the idea of the vir inertiae of ing 
matter, and you likewiſe remove that of its | he 
ſolidity; and what idea have we of matter eve 


any 
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to have any at all. Theſe perſons then, who 
make not this fluid inert, make it no longer 
matter, but in every reſpect a vacuum or 
empty | 


— 


After Sir VI Newton, in confining the 
phyſical - motions of the heavenly bodies, 
had ſo ſucceſsfully applied to them the doc- 
trine of gravitation, joined with mathemati- 
cal demonſtration, his principle of univer- 
fal attraction was ſe verely attacked, particu- 
larly by the Carteſians, as an occult quality. 
The leap from a perfect plenum, to an ab- 
ſolute vacuum, was great, and what he ne- 
ver could have brought a Carteſian philoſo- 
pher to have taken in company with him. 
He ſhowed the inſufficiency of their vortices 
to account for the celeſtial motions. But, 
as he was a man very much averſe from 
wrangling, he perhaps did not chuſe | to} de= 
ny them, intirely, the ſuppoſition of the 
poſſibility of ſome fine fluid or aether exiſt= 
ing in the univerſe. However, ſo far was 
be from ſuppoſing it not to be inert, that he 
even condeſcended, as I have obſerved above, 
| >> x ta 
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to make an experiment; to aſcertain the in- 
ternal reſiſtance which this fluid would ne- 
ceſſarily give to bodies in paſſing through 
them. He found no reaſon, however, to 
conclude with certainty, that there is any 
ſuch reſiſtanee to bodies; and accordingly 
he no where, in his admirable theory of re- 


ſiſtance, dwells upon it, or even es it into 
conſideration. | 


| Whether Sir Iſaac Newton, in the begin- 
ning of life, intirely diveſted himſelf of the 
abſurd notions and prejudices of his contem- 
porary philoſophers, with regard to the ex- 
iſtence of ſome fluid matter or other, diffu- 
ſed and expanded through ſpace, I wil 
not pretend to determine. But that he 
never was much delighted with the idea, is 
evident; that he laid no ſtreſs upon it, ise- 
qually evident; and that he at laſt intireh 
rejected it, as abſurd and ridiculons, and did 
not believe the exiſtence of ſuch a fluid, is 
_ almoſt demonſtrably certain from this cir- 
eumſtance, that, to the edition of his Princi- 
pia, publiſhed by Dt Pemberton, by bis 


own 


PART IJ. GUNN E R T. 83 


own direction, and under his own eye, there 
is prefixed a preface, written by the very 
ingenious and accompliſhed Mr Coles, af- 
firming gravity to be as much a primary 
quality of matter, as extenſion and impene- 
_ trability, and declaring, in expreſs terms, the 
| hypotheſis of a celeſtial fluid to be quite ab- 
ſurd and untenable, and altogether unworthy 
of a philoſopher. This excellent perſon, 
whoſe early death was an irreparable loſs to 
the ſcientific world, after ſhowing the exiſt- 
ence of ſuch a fluid to be inconſiſtent with 


the celeſtial motions, from the very theory 


of reſiſtance, demonſtrated by Sir Iſaac 


Newton himſelf, in the ſecond book of 


his ' Principia, concludes his obſervations 
in relation to it, with the following 
words. Itaque concludendum erit, fluidi 
* coeleſtis nullam eſſe vim inertiae, cum 


nulla fit vis reſiſtendi, nullam eſſe 5 
vim qua motus communicetur, cum 


* nulla fit vis inertiae, nullam eſſe vim 
qua mutatio quaelibet vel corporibus ſingu- 
lis vel pluribus inducatur, cum nulla ſit vis 


* motus cammunicetur rg nullam eſſe om 
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nino efficaciam, cum nulla fit facultas mu- 
tationem quamlibet inducendi. Quidni 


* ergo. hanc hy potheſin, quae fundamento 
plane deſtituitur, quaequae naturae rerum 
* explicandae ne minimum quidem inſervit, 


ineptiſſimam vocare liceat, et philoſopho pror- 


* ſus indignam. Qui coelos materia fluida 


© repletos eſſe volunt, hane vero non inertem 


< efle ſtatuunt, hi verbis tollunt vacuum, re- 


ponunt.“ Can there be any declaration 
more expreſs than this? And, had Sir Iſaac 
really believed the exiſtence of ſuch a- fluid, 


would he ever have permitted. Dr Pember- 


ton to have prefixed to his principal work 
a preface, which - expreſsty pronounces this 
his belief to be altogether deſtitute of foun- 
dation, and in every reſpe& unworthy of a 


Philoſopher: And, Whether he believed. it 
or not, as he has offered no arguments to 
prove it, but, declares that he does not 
know, What this aether is, the hy pothe- 
ſis muſt be given up and renounced; 
-fince 1 h have already ſhewn, that it i is altoge- 


cher inconſiſtent with phaenomena, and that 


N mnumerable arguments may, be Produced, 
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each of them almoſt ſufficient entirely to o- 
verturn it. 


I ſhould willingly have ſaved myſelf the 
trouble of making theſe obſervations, with: 
regard to a thing in itſelf fo abſurd 
and ridiculous, had I not obſerved, that 
ſome perſons who never read the works of 
this great man, as it appears from their fra- 
ming of ſuppoſitions, with regard to this 
acther, diametrically oppoſite to what he 
has advanced in the ſecond .book of his 
Principia, where he treats of fluids in gene- 
ral, make uſe of his name and authority, to 
procure credit and reputation to ſome of the 
moſt wild and romantic theories in medi- 
cine, chemiſtry, and ſome branches of na- 
tural philoſophy, that ever were formed by 
a reaſonable mind, which they indeed de- 
rive from this 1 imaginary ſource, that has no 
real exiſtence. in nature. And, though 3 Sn 
cannot pretend, in this place, to expoſe par- 
ticularly ſuch abſurdities. ; yet they ought 
to be held forth to the world in their true 
and genuine deformity, and to be ſeparated 
from the name and authority of a man 
who never gave them the ſmalleſt counte- 
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EA Nx w Marhes of deriving the THE O- 
Ax of PROJECTILES in Vacvo, from 


the properties of the SQUARE and RHoM- 
Weg | | 


PROP,L THE OR. 


F from one of the angular points of a 
ſquare, with a diſtance equal to one of its 
ſides, a circle be deſcribed; and a right line 
be drawn cutting the eirele, and parallel to 
any one of the ſides; two hombuſes deſeri- 
bed on the fide to which it is parallel, and 
having reſpectively one of their angles in 
the points where it interſects the circle, are 
ſuch, that their diagonals form equal angles : 
with the — of the Ae. | 4 


For, 
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For, let ABCD be the ſquare, A the angu- 
lar point, and DBQ the circle. Let TH be 
the, right line, E, H the points where it in- 
terſects the circle, and AE TD, AHGD rhom- 
buſes deſcribed on the ſide AD, to which the 
right line IH is parallel, and having reſpec- 
tively one of their angles in the points E, H. 
Draw the diagonals of the ſquare and rhom- 
buſes, and produce DA till it meet the circle 
in L. 


Then, ſince AB is perpendicular to TM, 
EI is equal to IH, (3. E. 3.): Alſo, ſince 
KI is equal to GH, being each equal to AD, 
(34. E. 1.), and GI common to both, KG is 


equal to IH, that is, equal to EI. And fince | 
EG is common to KG, EI; KE is equal to 


Gl, (ax. 3.) In like manner, ſince TE is 
equal to KI, and KE, common to both, TK 
is equal to EI, that1 is, to KG. Conſequent- 
ly, ſince DC. is perpendicular to TM, DT 
is equal to DG, and the angle TDK equal to 
| the. angle KDG. (4. E. 1;). ... Wherefore, a 
cycle deſeribed about the centre D, with the 
diſtance DA. paſs: through! the four 
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points T, 880 A; and ſince the angles TDC, 
CDG, have been proved to be equal, their 
halves TAC, CAG, (20. E. 3.), are likewiſe 
equal. Alſo, ſince the angles EAB. BAH are 
| equal, (4. E. 1.); their halves EDB, BDH, 
(20. E. 3.) are alſo equal. Q. E. D. 


CoRoLLARY 1. KE is equal to GI. 


Cor. 2. The four right lines TK, KG, 
EI, IH, are equal; the four angles TDR, 
KDG, EAl, IAH are equal; and the four 
triangles TDK, KDG, * LAH : are e equal 
in all — 


Cor. 3. The two Wia KDE, GAL 
are equal | in all at ores 


Cor. 4. The ten angles KDE, GAl, 
DAF, DTF, FTE, FAE, ADN, NDG, NHG, 
NHA are 8 amon 5 chemſelves. 


Cor. 5. The ei iht trian 8780 DAF, DTF, 
FE, FAE, AN, NDG, NHG, NHA are 

| GP way equal among themſelves = 
M Cor, 6, 


_— . 
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Cor. 6. The angles GAI, TAI, or the 
angles EDK, HDK, are together n to a 
right angle. 


Cor. 7, The angle DAE is equal to 
twice the angle GAl, and the angle EAL 
is equal to twice the angle TAL _ 


As we may eaſily derive from this figure, 
without drawing any more lines, ſeveral 
concluſions, which may be uſefully applied 
to the theory of projectiles in vacuo, we have 
thought proper to inſert ſome of them in the 
| following articles, | 


Article 1. The {ame things being ſuppo- 

ſed, which are mentioned in the propoſition, 
the fide of the ſquare, perpendicular to the 
right line cutting the circle, or any multiple 
or part of it, has to the perpendicular di- 
Nance of the angular point, about which the 
circle is deſcribed from the ſaid right line, or 
to any multiple- or part of it reſpectively, the 
ratio of radius to the ſine of twice either of 
the angles formed by this ide, and the dia- 
. 90515 
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gonals of the rhombuſes. That is, AB, or 
any multiple or part- of it, has to AI, or 
any multiple or part of it reſpectively, the 


| ratio of radius to the {ine of twice the angle 
GAl, or of twice the angle TAI. 


For it 1s s evident, that, to the radius EA, 
which is equal to AB, Al is the fine of the 


angle AEI, which is equal to the angle 


DAE (29. E. 1.), which is equal to twice 


the angle GAI (Cor. 4.); and that, to the 


ſame radius, it is likewiſe the ſine of the 
angle EAL, which is the ſupplement of the 
angle DAE, and 1s equal to twice the angle 


TAI (Cor. 7.); and equimultiples, or like parts 


of theſe, are proportional to them, (4. and 
15. E. 55 Q. E. D. 


Cor. 1. Whence it is plain, or 1 


either of the angles Gl, TAl, and Al, 
or any multiple or part of i it, be given, AB, 
or any multiple or part of it, may be found ; 


or, if either of theſe angles and AB, or any 


multiple or part of it, be given, AI, or any 


multiple or * of i it, may be found; or, if 


AB, 
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AB, Al, or like multiples or parts of them, 
be given, either of the angles GAI, TAI, 
may be found. 


Cor. 2. Hence it appears, that the per- 


pendicular altitude or breadth of either of 
theſe rhombuſes, is as the ſine of twice either 
of 'the angles which their diagonals form 
with the ſide of the ſquare., 


Cor. 3. Inſtead of the SEO UE Gl. TAI, 


may! be taken the angles TAD, GAD, which 


are equal to them. 


| Article 2, * ade of the ſquare, or any 


multiple or part of it, and the ſegments of 
the right line cutting the circle, intercepted 
between the diagonals of the rhombuſes, and 

the ſide of the {quare, perpendicular to it, 

"200! the ſame multiples or parts of them, hare 
to each other ref] pectively the ratios of the 
verſed fines of twice the angles, which the 
ſaid ſide of the ſquare forms with the diago- 
nal of the ſquare, and theſe diagonals; 
(ons is, the right lines s CB, Gl, TI „or al) 
like 
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like multiples or parts of them, have to each 
other reſpectively the ratios of the verſed 
ſines of twice the angles CAB, GAI, TAI. 


For AD, which is equal to BC (34. E. 1.) 
is evidently the verſed {ine of the angle DAB, 
which 1s equal to twice the angle CAB, to 
the radius AL, which is equal to AE. It is 
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likewiſe plain, that KE, which is equal to 
GI (Cor. 1.), is the verſed ſine of the angle 
DTE, which is equal to the angle DAE 
(34. E. 1.), which is equal to twice the 
angle GAl, to the radius TE, which is e- 
qual to AE. Alſo it appears, that TI is the 
verſed ſine of the angle TEA, which is e- 
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AG 


WW qual to the angle EAL (29. E. 1.), which is 
= <qual to twice the angle TAl, to the ſame 
radius EA. And like multiples or parts of 


tat oy ye hee. YL 
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"Gow I, If. any Io lovers: as 
AETD, or ADGH, be deſcribed an AD, the 
perpendicular diſtance TI or GI from the 
en 1 or * of the diagonal AT, or 
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AG from AB, is always as the verſed ſine 
of twice the angle TAL or GAL, which the 
| ca forms with AB. 


Oe 2. Inflddd'of the angles GAI, TAI, 
may be taken reſpectively the angles TAD, 
GAD, or the angles EDR, HDK, or the 
_ Wr EDA. | 


| Gor. 3. It ; is alſo plain, that, iR CB and 
either GI or II be given, the angles GAI, 
TAI, and TI or GI, may be found ; or, if 


BC and either of the angles GAl, Tal be 


given, the lines TI, GI, and the angle TAl 
or GAl, may be found; or, if the angle GA 
and GI, or the angle TAI and TI, be given, 
CB, and the angle TAI and TI, or the angle 
GAI and GI, may be found. 


Article 3. The fide or the ſquare has to it- 
ſelf, and the perpendicular length or breadth 
of either of the rhombuſes, has to the ſeg · 
ments of the right line, drawn cutting the 
circle, intercepted between their diagonals 
and the fide of the ſquare perpendicular to 


it, 
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| it, reſpectively the ratios of radius to the 
tangents of the angles which the diagonal 
of the ſquare, and theſe diagonals, form with 
the ſaid fide of the ſquare; and the fame 
holds of their like multiples or parts. 


For AB, or any multiple or part of it, has 
; to CB, or the ſame multiple or part of it, 
N and Al, or any multiple or part of it, has to 
W Gl and ITI, or the ſame multiples or parts 
of them, the ratios of radius reſpectively to 
the tangents of the angles CAB, GAl, TAL 
Q. E. D. | 


From the three articles now demonſtrated, - 
che whole doctrine of projections on a plane 
paſſing through AB, and having DA, CB, 
perpendicular to it, may eaſily be derived, 
as will be ſhown afterwards. And, by ap- 
bplying the demonſtrations given with regard 
Wo TI, CB, GI, and the angles TAI, CAT, 


„6, o HK. CB, EK, and be angles HDR, 

a : BDC, EDK, we make them ſerve for pro- 

1 | jections on a plane paſſing through DC, pa- by 
t, s n to the other. EY 


Article 4. 
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Article 4.. The perpendicular length or 
breadth of either of theſe rhombuſes, is 2 
mean proportional between the ſegments of 
the right line which cuts the circle, inter. 
cepted between their diagonals, and that fide 
of the ſquare which cuts the ſaid line; that 
is, Al is a mean proportional between II 
and GI. 


© 


For, fince the angle GAI is equal to the 
angle ATI, and the angle AIG is common 
1 to both the triangles GAI, TAI, TI has to 
| Al the ratio of Al to IG, (4. E. 6.) QED, 


Cor. Al is a mean ec between 
HR and KE. 
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8 Article . 5. 'The right line, compounded 
of the ſegments of the right line cutting the 
= circle, intercepted between the fide of the 

ſquare and the diagonals of the rhombuſes 

has to theſe ſegments the duplicate ratios al- 

ternately of theſe diagonals to that part a 

the faid fide of the ſquare lying between the 

centre of the circle, and the right line cut- | 
ting 
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Gl the duplicate ratio of AT to Al; and to 
Tl the duplicate ratio of AG to Al. 


For, ſince Al is a mean proportional be- 
tween TI and Gl, (art. 4.), the ſquare on Al 
is equal to the rectangle contained by II. 
Gl, (17. E. 6.). And, ſince every ſquare 
and rectangle is a parallelogram, the ſquare 
on TI is to the rectangle under II, GI or 
the ſquare on Al, as TI to GI, (I. E. 6.). 


or the {quare on TA, (47. E. I.) are to the 
ſquare on Al, as TI, GI together are to Gl, 
(18. E. 5. )- In like manner, it is ſhown, 
that the ſquares on Gl, Al together, or the 
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F Th GI together are to TI. . D. 

* Cor. x. "T's ame holds with rw to 
* Cor. 2. The ſquare on AI is equal 
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El, or under HK, KE. 
N : Gor, 
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| ting it. That is, TI, Gl together, have to 
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Wherefore, the ſquares on II, AI together, 


ſquare on GA, are to the ſquare on Al, as 


to the reQangle contained under Th, 
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Cor. 3. Inftead of TI, GI together, or 
AK, KE together, may be taken DL the 
diameter of the circle. 


Cor. 4. The Stare on AT is equal tothe 
rectangle contained by Tl or HK, and II, 
Gl together, or HK, KE together; or by II 
or HK, and the diameter _—_ 


We” . AT i is a mean proportional be- 
tween DL, and IT, or HK. 


Cor. 6. Tbe uwe on AG is FO to 
the rectangle contained by TI, GI together, 
| or HK, KE together, and Gl or KE ; or " 
DL and Gl or KE. | 


Cor. 7. AT is a mean | proportional be⸗ 
tween DL and HK, « or the difference of Dl, 
and KE. 


Cor. 8. AG is a mean . be- 
tween DI. * KE. or the difference d 
DL and MA» 


Cor. 
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Cor. 9. Ol has to TI the duplicate ratio 
of AG to AT, or the ratio of their ſquares. 


Cor. 10. Whencetheſolution of this pro- 
blem, from either of the acute angles of an 
iſoſceles right angled triangle, or from the 
greateſt of them, if it is. not iſoſceles, to draw 
a right line to the oppoſite ſide, which has to 
the hypothenuſe the ſubduplicate ratio of the 
ſegment, which it cuts off from that. ſide, to 
the fide itſelf 


Article 6. The ſemi-diagonals of the 
rhombuſes are mean proportionals between 
the radius of the circle, and the halves of the 
ſegments of the right line, cutting the cir- 
cle, intercepted between the diagonals, and 
the ſide of the ſquare; that is, the half of 
AG is a mean proportional between AE and 
the half of GI or of EK, and the half of 
Af between AE and the half of ITI, or of 


-- 


For, 
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For, by (Cor. 4. and 6. to Art. 5. ), the ſquares 
on theſe diagonals are reſpectively equal 
to rectangles, contained by twice the radius 
AE or AD, and the ſegments TI, GI. There- 
- fore the ſquares on their halves, which are 
the fourth parts of their ſquares (4. E. 2.) 
are equal to the rectangles contained by the 
radius and the halves of TI, GI; and conſe- 
quently are mean proportionals between the 
radius and the halves of theſe en (17. 
E. 6.) Q. E. D. 


Cor. r. FE is a mean proportional be- 
tween TE and the half of KE; and TF a 


mean proportional between TE and the half 
of TI. 1 


Cor. 2. Wherefore, (8. E. 6.) a right 
"Had drawn from F to meet TE, and paral- 
lel to DC, will be a mean proportional be- 
_ tween the half of KE, and TK with the 
half of KE taken together. 


PROP. 
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PROP. 2. THEOR. 


In BA, CD, two oppolite ſides of a 3 
ABCD produced, take two equal right lines 
AP, DM. Join AM, and about the centre 
P, with the diſtance PD, or AM, deſcribe a 
circle DQY. From the point Q draw QR, 
a tangent to it; and on AM, deſeribe a ſquare 
AONM. The diagonals AN, AC, of theſe 
ſquares, will form an angle equal to the 
angle DAM, and the diagonal AR, of the 
rectangle AQRD, will biſect the angle 
NAC, formed oy: the . als of the 
{quares. 


For, ſince the angle MAN is ky to the 
angle DAC, the angle MAD, the exceſs of 
the angle MAC, above the angle DAC, is e- 
qual to the exceſs of the angle MAC, above 
the angle MAN. But this exceſs is the 
angle NAC. Wherefore, the angle NAC is 
equal to the angle MAD. Alſo, ſince MR 
is equal to PO, or AM, AR is the diagonal 
of a rhombus deſcribed on AM, and having 
| three of its angular r in the points 


A, 


— —— —_ e * 


and if ET, HG, be taken each equal to AD, 
and the rhombuſes AE TD, ADG, be con- 
pleted, ſeveral concluſions may be draws, 


of projectiles on aſcents in vacuo, which con- 


| ticles, 


nals of the rhomboids form with the ſides 
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] 
A, M, R; and conſequently; biſeQs the angle 1 
MAB. Therefore, ſince the angle MAN i, { 

. Equal-to the angle CAB, it alſo biſects the 
_ angle NAC. Q. E. D. 
Cor. 1. The angles MAD, 043, ll - 
NMC, NOC, are equal among themſelves, Pn 


and each equal to NAC. 


Cor. 2. The angle NAD is equal to the 
angle CAO. 


tl 
If any right line TH be drawn parallel v f 
Q, and cutting the circle in the points E, H, tt 


which may be uſefully applied to the theoſ 


eluſions are contained in the following a: 


Article 1. The angles, which the diags BW 11 


the ſquare, are correſpondently equal, and 
the 


| the triangles which they form with the ſaid 


correſpondently equal in all reſpects; that 
is, the angles EDK, TAI, are reſpectively 
equal to the angles GAI, HDK, and the 
triangles EDK, TAI reſpectively, every way 
equal to the triangles GAIL, HDK. 


[ 


For EI is equal to IH, (3. E. 3.). Con- 
ſequently, ſince KI is equal to GH, KE is 


the angles DKE, AIG are right ones. There- 


— — 2 


the angle GAl, and the angle KED to the 


to the angle HDR, the angle ATI to the 
angle DHK, and AT to DH. Q. E. D. 


= a 9. Tx” es 


Con. 1. RE is equal to GI. 


IH, are equal among themſelves. 
Cor. 3. 
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ſides, and the right line cutting the circle, 


dual to Gl. But DK is equal to Al, and 
fore, DE is equal to AG, the angle KDE to 


angle Al, (4. E. 1.). And, in like man- . 
ner, it is ſhown, that the angle TAI is equal 


Cor. 2. The right lines TK, KG, EI, 
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Oi ADC ab AT « 


Article 2. The angle GAO, TAD, 


and conſequently would form, with DK, an 


GAO is equal to the angle TAD. Q. ED, 


Cor. 3. The triangles TDK, KDG, EAI 
1a are equal 1 in all —_ among them- 
ſelves. 


which the ' diagonals AG, AT, form with 
the ſides of the ſquares are equal. And the 
angle TAM is equal to the angle GAB. 


the circle in the point D, it would be per if 
pendicular to a right line drawn from P to 


angle equal to the angle OAB, and, with 
DE, ; an angle equal to the angle GAO. But 
the angle it would form with DE would 


be equal to the angle DLE in the alteroate 
ſegment, that is, to the angle DAT, fince 
AT is parallel to LE. Therefore, the angle 


Cor. I. 
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Cor. 1. The angle GAO is equal to each 
of the angles DAT, ATG, * DHE. 


1 
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Cor. 2. The ES GAC is equal to the 
angle TAN, by (cor. 2. to prop. XY: 
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Cor. 3. The angle RAG is * to the 
angie RAT. 
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Cor. 4. The ciangts GAS, TAS, are 
ſimilar. 


Cor. 5. The triangles TFE, DAF, DAV, 
HGV are equal and ſimilar, and are ſimilar 
to the triangles DLE, ATS, SAG. 
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Cor. 6. The angles AGS, TAS, DAG, 
ADE, DET, AGH are equal _— them= 
lives, 


Cor. 7. Since the angle DAR is equal to 
the angle RAO, and equal to the angle 
ARZ (29. E. 1.), AZR is an iſoſceles tri- 
angle, and conſequently AD or RQiis _ 
to AL, ZQtaken — 
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Cor. 8. The angle RAB, which is the 
half of the angle MAB, is equal to half a 
right angle together with half the angle OAB, 
and DAR falls ſhort of half a right angle 


| * half the ſame angle OAB. 


"x 


Article 3. The diagonals, AG, ar, of 


the rhomboids, are reſpectively mean pro- 
portionals between DL, or twice DA, and 


the ſegments GS, TS, of the right line cut- 


ting the circle, lying between them and the 


ſide AO of the ſquare AONM, the ſides of 


which form equal angles with the fides of 


the original one ABCD. 5 


N For, ſince the triangles DFA, 'GSA, TSA, 
are fi milar (Cor. 5. to art. 2.), twice AD or 
DL has to twice DF or AG, the ratio of AG 
to GS; and twice AD or DL has to twice 
AF or AT, the ratio of AT 0 TS. QUE.D. 


Cor, 1. The ſegment G8 has to the ſeg- 


ment TS, the duplicate ratio of the dage- 


nal AG to the — AT. 


FH, Cor. 
p * 


J. 
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Cor. 2. The ſquares on AG, AT are re- 
ſpectively equal to the rectangles contained 
by DL, GS, and DL, TS; or by DL and 


the difference between KE, 18, and HK, 


18. 


Article 4. The diagonals AG, AT have 
to each other, the ratio of the fines of the 


angles GAS, * which they form with 
AO. 


For TS has to GS the ratio of the | tri= 
angle TAS to the triangle GAS (:. E. 6.) 


that is, the ratio compounded of the ratios | 


of AT to AG, and of the fine of the angle 
TAS to the ſine of the angle GAS. But 
TS has to Gs the duplicate 1 ratio of AT to 


AG (Cor. 1. to art. 3 N. Wherefore twice | 


the ratio of AT to AG is equal to the ratio 
compounded of the ratios of AT. to AG, 
and of the fine of the angle TAS, to the ſine 
of che angle GAS. Conſequently the lines 
of theſe angles have to each other the ratio 
* K AT to AG. QUE. D. 


Cor. 
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Cor. Whence, TS has to GS the dupli- 
cate ratio of the fine of - the angle TAS, 
to the ſine of the angle GAS.. 


; Article. 5. DL, or any multiple or part 

of DL, has to AS, or the like multiple or 
part of AS, the ratio which is compounded 
of the ratios, which the fine of the angle 
DAS, or TSA, has reſpectively to the ſines 
of the angles GAS, TAS. 


For 2AD or DL has to 2DF or AG, 
the ratio of AG to-GS, that is, of the ſine 
of the angle ASG or DAS, to the fine of 
the angle GAS, And AG has to AS, the 
ratio of the ſine of the angle ASG or DAS, 
to the ſine of the angle AGS or TAS, 
Therefore, the ratio compounded of the ra: 
tios of DL to AG, and of AG to AS, that is 
the ratio of DL to AS, is equal to the ratio 
compounded of the ratios, which the fine 
of the angle DAS has reſpectively to the 
ſines of the ap GAS, TAS. Q. E. D. 


The 
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g 8 * 3 1 _ 
E 


The ſame holds with regard to Wer 
multiples or parts of DL, AS. 
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Cor. 1. Whenee, it appears, that when 
DL is invariable, AS is as the rectangle con- 
tained by the fines of the angles GAS, TAS 
directly, and the ſquare on the*ſine of the 
angle DAS inverſely, or the ſquare on the 
coſine of the angle OAB. 
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Cor. 2. When the KR OAB is invari- 
able, and conſequently the angle DAS, A8 
is as the ſolid under the ſines of the angles 
GAS, TAS, and DL. | 


Cor, 3. When the ie GAS, TAS are 
invariable, their ſum is invariable, and the 


angles DAS, OAB; and then A8 is directiy 
As DL. | 


Cor. 4. When the angle GAS is invaria- 
ble, AS is directly as the rectangle con · 
tained by DL, and the fine of the angle 
= TAS ;. and inverſely, as the ſquare on the 
fine of the * _ 


J TR SR 


; 1 
| | N 
| | Cor, 
0 2 
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Cor. 5. When the angle TAS 18 invaria- 
ble, AS is directly as the rectangle contain. 
ed by DL, and the fine of the angle GAS; 
and inverſely, as the 208 on he fine of 
n eral AE: 


* 


U 6. When Aber of the FO Gas, 
TAS: and DL are invariable, AS is as the 
ſine of the other directly, and as the ſquare 
on the ſine of the angle DAS inverſely. 


Cor. 7. When either of the angles GAS, 


' TAS, and the angle DAS or OAB, a are iy 
riable, AS! is 3 as . s 


TIES 


the ww on the 1 of f the 7 Das ti 
realy, and the rectangle contained by the 
fines of _ * GAS, TAS inverſely. 


g br. 9. When the angle OAB, Fe con- 
ſequently, che angle DAS is invariable, DL 
is directly as AS, and inyerſely, as the rect 
angle contained by the Hines of the an glex 
GAS, * 3 


Cor. 
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| Cori 10. When the angles GAB, TAS, 


able, DL i is direQUy 2 as AS. 


Cor. 1 1. When either of che FEAT GAS, 
TAS is invariable, DE is directly as the-ſo- 
lid, having the ſquare on the fine of the an- 


tude, and inverſely, as the fine of the other 
of theſe angles. 


me I 2. When either of the angles ohs, 
TAS and ASi is invariable, DL is directly 
as the ſquare on the ſine of the an gle DAS, 


is „ & 


theſe angles. 


TAS and the angle DAS are ne DL 


is diteey as AS. 


ſquare on the {ine of the angle DAS is di- 
realy as the rectangle under the: fines of 


and. conſequently their ſom DAS; i is invari- 


gle DAS for its baſe, and AS for its alti- 


and inverſely as the fine of the other of | 


Cor. 13. When cither ofthe augles GAS, 


Cor. 14. When DL. is 1 * 25 


0 Ta ieren as AS. 
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NE x THEORY Part IU 
Gor. 15. When AS is invariable, the 
"Hs on the fine of the angle DAS is di. 


| reQly as the ſolid under DL, and the fine 
4 of the e GAS, 7.85. 


Cor, 16. When DL and AS are ima. ll * 
able, the ſquare on the fine of the ang fil © 
Du, is directly as the rectangle contained a 
by the ſines of the angles GA8, TAS, * 

* 17. When either of the — GAS, 
1381 18 invariable, the ſquare on the ſine af N 
the angle DAs is directly as the rectangl 0 
contained by DL and the ſine of the other h 
and inverſely as AS. L 
Oer, 18. When either of the angles GAS, ſe 
_ . TAS, and A8 are invariable, the ſquare on the 0 
ſine of the angle DAS is directly as the K 

rectangle contained by DL and the fine > 

| * other. 5 fy 

A 


Cor 19. When eicher of the angle 
O8, TAS, and DI. are invariable, te 
ſquare on the fine of the angle DAS is dt. 
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realy as the fine of the other, and n 
as . 


. Cor. 20, "Aſko DL; is invariable, the rec - 
angle contained by the ſines of the angles 
GAS, TAS are directly as the ſolid, having 
the ſquare on the fine of the angle DAS for 
its baſe, and AS far its altitude. 


Cor. 21. When As is invariable, the rect- 
angle contained by the ſines of the angles 
GAS, TAS is directly as the ſquare on the 
ſine of the angle DAB, and inverſely as 
DL. 


Cor. 22. When DL and the angle DAs 
are invariable, the rectangle contained by 
the ſines of the 12 85 N81 TAS i is direct- 
ly as As. 


Cor. 23 hen AS and the wa DAS : 
are invariable, the rectangle contained by 
the ſines of the angles GA8, TAS is inverſe- 
ly as Ws. 4 
Cor. 24. When DL 4 is ien 90 bre 
P of 
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of either of the angles-GAS, TAS. is dire. 
ly as the folid, having the ſquare on the ſine 
of the angle DAS for its baſe, and AS for 
its altitude, and heres as the ae of Th: 
other. 


| Cor. 25. When A8 is invariable, the fine 
of either of the angles GAS, TAS is dired- 
ly as the ſquare on the ſine of the angle 
DAS, and inverſely as the rectangle con- 
tained helen DL. and the fine of the other, 


Cor. 26. When: We Wie DAS is "Re" 
able, the ſine of either of the angles GAS, 
TAS is directly as AS, and inverſely as the 
rectangle contained 4 DE and the fine of 
the other. 


Cor. 27. When DL and the Alle Da 
are invariable, the fine of either of the 
angles GAS, TAS is directly as AS, and i in- 
: verſely : as the fine of the other. 


Cor. 28. When AS 8 de | angle 
DA are invariable the ſine of either 
N | 6 


er 
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of the angles GAS, TAS 18 inverſely as the 
rectangle contained by DL a and the fine of 
the other. 


From theſe articles and their corollaries, 
the whole doctrine of projections made /on 
aſcents * vacuo, is eaſily derived. 


PROP. 3. THEOR. 


In BA, CD two oppoſit ſides mT A ſro 
ABCD, take two equal parts AP, DM; join 
A, M, and about the center P, with the 


diſtance PD or AM, deſcribe a circle DQY. 
From the point Qgraw QR a tangent to it, 


and on AM deſcribe a ſquare AONM. The 


diagonals AN, AC of theſe ſquares will form 
an angle equal to the angle DAM, and the 


diagonal AR of the rectangle ARD will 


biſect the angle NAC, formed by the dings: 
nals of the ſquares. 


We w_ the enunciation of this p propa- 
fition, the fame with that of ' propoſition, fe- 
eond, * only, that there the oppoſite 

Es | hides 
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ſides of the ſquare i in which the right lines 


+ AP, DM are taken, are produced; whereas 


here they are not. There the ſegment DQL 
is leſs than a ſemicircle ; here it is greater, 
There AO forms an angle with AB, on the 

fide towards DC; here it forms an * vith 
it on the other ſide. | | 


This propoſition is demonſtrated in the 
ſame way with propofition ſecond ; and the 
ſeveral articles, with their corollaries, dedu- 
ced from propoſition ſecond, are applicable 
to this, if the ſame letters be made uſe of in 
both figures. Only it may not be imprope 
to obſerve, that, whereas, in figure 2d, Al 
was equal to the difference of AB and C 

here it is equal to their ſur; that, wheres 

there the angle RAQ exceeded 459 by hal 
the angle OAB; here i it falls ſhort of 4 50 by 
- half that angle. 


From the articles derived from propoſi- 
tion ſecond, and their corollaries, with the 
"Exceptions already ſpecified, the whole doc- 
trine of proje&tions made on deſcents is ez- 
iy deduced. 

ITY 
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PROP. IV. THE OR. 

If, from one of the angles of a rhombus, 
a right line be drawn, perpendicular to one 
of the fides, containing that angle, to inter- 
ſect the oppoſite fide, and from the other 
extremity of the firſt mentioned ſide a diago- 
nal be drawn; any other rhombus, having one 
of its angles in the firſt mentioned right line, 
and the angle oppoſite to this, in that angle 
of the original rhombus, which is oppoſite 
to the firſt mentioned angle, will have its 
angle correſponding to the angle, from 


which the diagonal is drawn, always further 


from the firſt mentioned angle than the cor- 
reſponding point in the ſaid diagonal. | 


Let AFBD be the rhombus, AB the diago. 
nal, and MN a right line paſſing through 
the angular point D, perpendicular to AD. 
Take any part Al of the diagonal, and AH 

equal to it in the diagonal produced. 


Through I, H, draw right lines parallel to 
AD, as QI O, MHK. Then rhombuſesQOFR, 


MKEP, . reſpeAively one of their 


angles 
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angles in the points Q M, and their angles 
oppolite to theſe in F, will have their angu- 
lar points O, K, farther from the angle D, 

than the correſponding points in the diagonal 
A, if right lines be drawn from D to 

O, K, or will be between the diagonal AB 
and BF, For, draw the diagonal DF, and 
the right, lines DI, IF; DH, HF; and AC, 
KT, OS, perpendicular to BF, produced if 
necellarye | 


Then, it is evident, that DT is equal to IF, 
and DH to HF, (4. E. 1.), and that Dl, 

DH, are reſpectively greater than QI, MH, 

(19. E. I.). Whence, it is plain, that rhom- 
buſes having reſpectively one of their angles 
in the points Q, M, the angles oppoſite to 
theſe in the point F, and one of their ſides 
reſpectively coinciding with QI, MH, will 
have the extremities OK, of theſe ſides far- 


ther from the points QM, than the points | 


I, H; and that, conſequently, right lines 
drawn from D to OK, will interſect the di- 
ow AB. "WE D. | | 


8 Cor. 


tl 


eee 
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Cor. 1. Whence it appears, that, if the 
rhombus AFB D be ſuppoſed to increaſe and 
decreaſe by motion in ſuch a manner, that 
AD may always be perpendicular to MN, 


and two of its oppoſite angles always be in 


F, and the right line MN, the angular point 
A will trace out a curve line KAOVG. 


Cor. 2. The right line LF is biſected in 
the point V. 


Article 1. The right lines vs. VC, VT, | 


have to each other reſpectively the ratios, 


which are duplicate to the ratios 1 | 


correſponding right lines OS, AC, KT, o 


QL, DL, ML, have ITY to ach o- 


ther. 


For OS, AC, KT, are reſpectively mean 
proportionals between RS, LF; BC, LF; PT, 
LF, (art. 4. and cor. 1. to prop. I.); that is, 


between VS and four times LV, VC and 


four times LV, VT and four times LV; 
ſince FS, FC, FT, are equal reſpectively to 


4422 
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RL, BL, PL, (cor. 2. to prop. 1.), and LV 
equal to VF; (cor. 2. to prop. 40. Q. E. D. 


| | ; Cor. 1. VS, VC, VT, are to each other 
reſpectively, as the ſquares on O8, AC, KT, 
. DL. MI. 


Cor. 2. RV, BV, pv, are equal * wy 
ae to VS, VO, VT. | 


Article 2. If Al be equal to AH, IO 
equal to HK. 


For DB is a fourth proportional to the 
ſine ofthe angle DAF of the rhombus, radius 
and DI. And ZL, which is a fourth pro- 
portional to BC, or the difference of twice 
BD and LF, AC and BL, or the difference 
of BD and LF, taken from DL, leaves ZD 
a fourth proportional to the difference of 
twice DB and LF, DB and DL; conſequent- 
ty QZ is equal to a right line, which is e- 
qual to the difference between fourth pro- 
 portionals, to the difference of twice BD and 


LF, BD and * LF and DO, taken to- 


gether, 
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gether; ; and twice BD, and DQ. And ZMi is 
equal to the difference betwixt the two firſt 


taken together, and the third of fourth pro- 


portionals to the difference of twice BD and 


LF, BD and DL; twice BD and DQ; LF 
and DQ. Whence, QL is equal to the diffe- 


rence betwixt the two firſt taken together, 
and the third of fourth proportionals to DL, 
DB, and DL; DL, LF and DQ; DL, 2DB 
and DQ; and MH is equal to the difference 


between the firſt and third of theſe fourth 


proportionals taken together, and the ſecond, 
Conſequently, the difference of MH and 


Qt is equal to the difference betwixt twice 


a fourth proportional to DL, twice DB and 
D. and twice a fourth proportional to DL, 
LF, and DQ. But, it is eaſily demonſtrated 
from (art. 1 9 that the difference of MK and 
O is equal to twice a fourth proportional 


to LF, DL, and DQ, which is equal to the 
aid difference expreſſing that of MH, A; 


fince EL is to FE, as DF to DB, a circle paſ- 
fing through che four points D, E, L, B. 
Wherefore, 10 is equal to HK. QED: 

— 1 Cor. 1. 
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Cor. 1. The triangle ELF is iſoſceles, 
EL being equal to EF. 


Cor 2, If from the extremity D, of the 
baſe DF, of any iſoſceles triangle DBE, a 
perpendicular DL be drawn to the oppolite 
ſide, the ratio of DL to DB is equal to the 
ratio compounded of the ratios of DL to DF, 
and of twice 1 to DF. 


Article 3. Al is a mean proportional be- 
tween four times AD and IO. 


For ſince OO is equal to LV with VS, 


that is, to the half of LF, with a third pro- 
portional to twice LF, and QL, or the differ- 
ence of DL and DQ it appears from arti- 
cle ſecond, that IO the difference of .Q9 
and QI, is a third proportional to twice LE 
and D. But LV has to LC, or DA, or 


twice LF has to four times AD the duplicate 
ratio of AC to AB, (art. 5. prop. x.), that 


is, the duplicate ratio of ZQ to ZI, or of 
DQ'to Al. Whence the whole is evident. 


Q. E. D. 
Cor. 
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Cor. 1. IO is a third proportional to twice 
LF and DQ. 


Cor. 2. The ſquare on Al is equal to 
four times the rectangle contained by DA, 
IO. | 


Article 4. Diſtances BV, IO from points 
B, I, in the tangent to points V, O, in the 
curve, in directions perpendicular to MN, 
have to each other the duplicate ratio of the 
parts AB, Al of the tangent, which * 
cut off from it. 


For, ſince the 3 on AB is equal to the 
rectangle contained by BV, and four times 
LC (cor. 3. to art. 5. prop. 1.); and ſince 
the ſquare on Al is equal to the rectangle 
contained by IO and four times AD, that is, 
| four times LC; BV has to IO the ratio of 
the ſquare on AB to the ſquare on Al (1. E. 
6.), that is, the duplicate ratio of AB to Al 
(Cor. 1. 19. E. 6). Q. E. D. 


. Cor. 
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Cor. BY, 10 &c. are reſpectively as 


Ken or ſimilar figures on AB, Al, &c, 


PRO E. V. T HE OR. 
Let thete be any number of magnitudes 
AB, C, 8 having to each other re- 


ſpectively the ratios compounded of the ratios, 
which a like number of magnitudes L, M, 


N, O, &c. have reſpectively to each other, 


and of the ratios, which another like num- 


ber of magnitudes P, Q. 8, T, &c. have re- 


ſpectively to eachother. Then, if L, M, N., 


O, &c. be equal among chemſelves, A, B, 


C, D, &c. will have to each other reſpeQive- 
ly, the ratios of P, Q, 85 T. &. 


to each , other; and if P, Q, 8, T, d. 
be E tial among theniſelyes, A, B, C, D, Ke. 


„ + 


tios of L, M, N, ©, &c. to each other. | 
For a ratio of equality added to or taken 


dom any other ratio, neither increaſe not 
Cimintſhes it. 7 ee 80 


Cor. Whence, cata if when * M, 


N, O, &c. are * among themſelves, the 
ratios 
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ratios of A, By C, D, 8c, to each other be 
equal to the ratios of P, Qs S, T, &c. to 
each other; and if, when P, Q 8, T, &c. 
are equal among themſelves, the ratios of 
A, B, C, D, &c. to each other be equal to 
the ratios of L, M, N, O, &c. to each other 
when the magnitudes in neither of theſe 
rows are equal among themſelves, A, B, C, Ds 
&c. have to each other reſpectively che ra- 
2 ew. eva of the r ratios of both. 


nor vl. THEOR, 2 


The ſpaces which bodies move through 
with uniform or invariable velocities, have 
to each other reſpectively, the ratios which 


are compounded' of the ratios which 
theſe velocities have reſpectively to each o- 


ther, and of the ratios, which the times in 


which they are deſcribed, have to each dther 


relpeAtively, 1 


For theſe OP are as the velocities, ohen 


i, 


the tiles" bs gh; and as the times, 
| a e YORI We epa Thertfote, 
s when 
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when neither of them are equal, they are as 


both (Cor. to Prop. F.). X. D. 


| Cor. When the times are equal, the ſpa- 


ces are as the velocities ; and, when the Ve- 
locities are equal, as the times. 


PROP. VI. THE OR. 


If a body, from a ſtate of reſt, move with 
a velocity, which receives equal degrees 
of increaſe in equal portions of time, 
the ſpaces, which it moves through, have to 


each other the duplicate ratios of the times, 


in which i it moves through them. 


Let ED repreſent the velocity 3 at the end 
of the time repreſented by AD. Produce 
AD, AE, and parallel to ED, draw right 
lines HF, CB, meeting AD, AE produced, 
Then, ſince the velocities are to each other 
as the times in which they are produced, HF, 
BC, will repreſent the velocities at the ends 
of times repreſented by AF, AB. Whence, 


if a Fight line begin to move from the ver- 
tex 


S. . 
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tex A, of the triangle BAC, parallel always 
to the baſe BC, the parts of it intercepted 
between AC, AB, will repreſent the veloci- 
ties that anſwer to all the points of time 
which are reprefented by the points in AB, 
And, it is evident, that theſe velocities, at 
theends of the times AD, AF,.AB, trace out 
the ſpaces ADE, AFH, ABC. But (19. E. 6.) 
theſe ſpaces have to each other reſpectively 
ratios, which are duplicate to the ratios 
which DE, FH, BC; AD, AF, AB, have 
to GA hey ne, D. 


Cor. I. The Gove: are to aach 8 in 
the duplicate ratios of the velocities. 


Cor. 2. The ſpaces are to each | other in 
the ratios compounded of Ware ratios of the 
times and velocities. 


"Qui 3. X AD, DF, FB, ths be equal 
— Rs 3 &c. are as 1. 3. 5. &c. 


Cor. 4 


11 5 
fa 
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or. 4: In the time AB, with the velo- 
ly CB, it would deſcribe twice the ſpace 
8 85 


n 3. Tholane FF BC, decreaſing 
In the ſame manner as the velocity was in- 
crealed,. Nane in x the tire AB. 
155 101 
nor. ve. no. 

£61147 an en e 

A — E wo | dorm Vee 
locities an Aſketent HireQians, or forced to 
move from a ſtate of reſt, with velocities in 
different directions, which intreaſt or dt 
creaſe reſpectively, as the time - increaſes 0 
2 decreaſes, moves in a FOI line, 


111 1g. 20 22 CG? © 


vs he wi ay hier 1 
its diagonal, and AF GC any ether Parallel- 
gram having its diagonal ery in the dier 
— en 2d AN 2 


455 T4 vas I1T8 # 4 Sa 4 


- , £ F 


— 


g. Let the body be e impelied f from the 
int A, with velocities in the directions Ab 
, which would carry it through theſe ſe⸗ 
paratel 
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parately i in the ſame time. At the end of 
this time, then, it will be found in neither of 
theſe, but at diſtances from AB, AD, 
in directions parallel to them, reſpec=- 


tively equal to AD, AB, that is, in_ the 
point E. Now, if AF be to AB, as any o- 
ther portion of time to this time, ſince AC 


has to AD, the ratio of AF to AB, it will 
move in the direction AD through AC, in 
that other portion of time ; and therefore, at 


the end of it, will be in the point G. And 


as G may be any point in AE, it is plain, 
that the body moves in the right line AE 
from A to E. GCE 


Secondly, La the body at BY in A, 15 
gin to move under the influence of forces, 
which communicate velocities to it, increa- 


ſing as the time increaſes, and which would 


carry it ſeparately through the diſtances AB, 


AD in the ſame time. Then at the end of 


this time it will be in the point E. And, if 
AF have to AB the duplicate ratio of any 
other portion of time to this time, it will be 
in G at the end of that time; ſince, i in that 
time, it would move through AC in the di- 


R | rection 


9 
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rection AD. And ſince G may be any 
point in AE, it is evident, that it will move 
in the Faght line AE from A to * 8 


The fame holds when the velocities de- 
creaſe, 3 


e A e 


if a body begin t to. move in any. direction 
with an uniform velocity, and begin to be 
acted upon at the ſame time in another di- 
rection, by a force Which communicates to 
WA velocity, which increaſes as the time in- 


creaſes, it wall move in a curve line. See 
1 1 . 9981 29.4 | 
1 PEP KVR be EY or RPO to move 
in the direction AB with an uniform or in- 
variable velocity, and begin to be acted up- 
on at the ſame time, in a direction parallel 
to BF, by u force which communicates to 
4 es ae er a8 the time haraſs. | 


Then it wen from a (prop 7 Jo tha at the 


Rt ni IK Wor P1607 1 pls. 
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ends of the times, in which it would have 
moved with the uniform velocity from-A to 
I and B, it would have moved in a direction 
parallel to BF, to points at. diſtances from 
AB, having to each other the duplicate ra- 
tio of AI to AB, that is, the ratio of IO to 


BV (art. 4. to prop. 4.) 


Whence it is evident, that it will move 
in a curve of the ſame nature with the curve 
 AOVG. * | 


Cor. Whence all the properties of the 
curve AOVG, in figure to propoſition 4th, 
may be applied to the curve which a body 
deſcribes, moving according to the condi- 
tions mentioned in this propoſition. | 


"'SCHOLIU u. 


Whence, it is evident, that if, in fi- 
gure ſeventh, IO be taken equal to Al, 
BP to AB, and TI, GI, CB, be reſpec- 
tively biſected in the points V, Y, Z, a 
body projected with the velocity, which 


K 


* * * . * * PI 
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it would acquire in moving from D to A, 
under the influence of ſuch a force as is 
mentioned in prop. 7. in the directions AT, 
26, AC, would move reſpectively in the 
curves AVO, AO, AZ P, which are of the 
ſame nature with the curve in the figure to 
prop. 4. For, with this velocity, it would 
move over twice AD, in the direction AT, 
And (cor. 3. to art. 5. prop. I.), TV has to 
DA, the duplicate ratio of AT to twice AD. 


If then, in compliance with cuſtom, we 
call AO, AP, the ranges or amplitudes, 
AD the impetus, AT, AC, AG, the lines 
of projection, which are always tangents to 
the curves in the point A, as is evident from 
prop. 4. VI, ZB, YI, the altitudes of the 
projections, TAI, CAB, GAI, the angles of 
elevation, KV, CZ, KY, the ſublimities; 
we have, from article firſt to propoſition firſt, 
the Ri — | 


1. ANA» 


P, 
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1. AN AL OG. 


Radius has to the ſine of twice the angle 


TAI, or of twice the angle GAl, the ratio of 
the amplitude AP, to the amplitude AO, 


Whence, it appears, that AP 18 the great- 
eſt poſſible amplitude with the impetus AD. 


And, from article 2. to propoſition | firſt, 
we have the following analogy. 


2 ANALOGY. 


Radius has to the verſed fine of twice the 
angle GAl, the ratio of AD, or the half of 
AP, or twice ZB, to Gl or twice VI, that i is, 


of half the impetus, or of the altitude ZB. 
to the altitude YI. 


And radius has to the verſed fine of twice 
the angle of elevation TAI, the ratio of the 
altitude ZB, or half the i impetus to the al- 
titude VI. 


And 


And from article 3. we have the following 
analogy. | 


3. ANAL L Oo Gx. 


Radius has to the tangent of the angle of 
elevation GAl, the ratio of Al, or half the 
amplitude AO, to twice the altitude VI, to 
the tangent of the angle of elevation TAI, 
tue ratio of Al or half the amplitude A0, 
to twice the altitude VI, and to the tangent 
of the angle of elevation CAB. the ratio of 
AB, or half the amplitude Ap, to twice the 
3 ZB. 

$7 * ; 

| Or, univerſally, Radius has to the tan- 
gent of the an gle of elevation, the ratio of 
one fourth part of the amplitude to the al- 
titude. | 


be other des, with their corollarie 
derived from propoſition firſt, may likewiſe 
de uſefully applied to particular caſes of 
ich | projections, 


And, 
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And, by proceeding in like manner with 
the figures to propoſitions ſecond and third, 
we not only derive from the articles drawn 
from theſe propoſitions and their corollaries, 
the rules and analogies: uſually given for 
pr ojections made on planes inclined to the 
plane to which the impetus is perpendicular, 
but likewiſe a great number of other con- 
cluſions, which may be uſed with TR 
on particular Gecafionsw 092 
Thus, all the caſes of projections on in- 
clined planes may be ſolved by means of the 
three following rules derived from art. 5. 
ene Prop. 2; and 3. 


ins. „ Having val . of obliguiey the 
angle-of elevation above the inclined plane, 
and the range on it . to * the 1 im- 
LP | 'L | 


n + from Art. 5. Prop 2 2. and 3. 


ts the: <bparichm of one font part er 


the range, add twice the logatithmic fine of 
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the angle contained by it and the 1 1mpetus, 


Then, from their ſum, ſubſtra& the loga- th 
rithmic ſine of the exceſs of this angle above di 
the angle of elevation, together with the lo- be 
garithmic ſine of the ſaid angle of elevation, re 
and the remainder will be 11 Ae k 
the ee FT; { 2831 R 
2. Having the impetus OY the angh of 
elevation above the inclined plane given, to tt 
find the range. on it. - 
| Ruin ; from the . : 
To the ROY of the 3 add the : 
logarithmic {ine of the excels of the angl: * 
contained by it, and the range on the in- 1 
clined plane above the angle of elevation, hc 
together with the logarithmic; ſine of the 4 
ſaid angle of elevation. Then, from their 4 
ſum, ſubtract twice the logarithmic ſine of 
the angle contained by the impetus and 
range, and the remainder will be the loga- : 
Tithm of one fourth part of the range on c 


the inclined plane. 
— | 3. Having 


l, 


f 
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3. Having one angle of elevation above 
the inclined plane, and the range correſpon- 
ding to it, and another angle of elevation a- 
bove the plane given, to find the range cor- 


reſponding to this angle. 


RULE, from Cor. 22. to Art. 5. of the ſame, 


To the logarithm of the given range, add 
the logarithmic fine of the exceſs of the 
angle contained by it, and the impetus, above 
the angle of elevation anſwering to the re- 


quired range, together with the logarithmic 


fine of the ſaid angle of elevation. Then, 
from their ſum, ſubtract the exceſs of that 
angle, above the angle of elevation, anſwer- 
ing to the given range, together with the 
logarithmic line of this angle of elevation, 


and the remainder will be the logarithm of 


the required range. 


The varieties in theſe three. rules com- 


prehend all the caſes of projections on in- 


clined planes. - 


8 However, 
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However, as the i for ſuch pro- 
jections are generally reckoned by artilleriſts 
a good deal more puzzling and perplexing 
than thoſe made for projections on a plane, 
to which the impetus is perpendicular, l 
ſhall ſubjoin ſome rules for reducing the for- 


mer of theſe to the latter, with the great 
eaſe and expedition. 


RULE L 
| When the object or mark to be hit, is 
elevated above the plane to which the impe- 
tus is perpendicular at the point of Projec- 


tion; that is, above the horizontal plane, if 


we appel the impetus to be perpendiculat 
to the horizon ; KH 


From the ſquare of the 8 betwirt 
twice the impetus, and the altitude of 
the elevated object, take the ſquare of the 
inclined plane in their arithmetical values 
Take the ſquare- root of this difference from, 
and add it to the firſt difference; _ multiply 
this difference or lum by the numerical va 

lue 


. 


62 
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ue of the ſquare of the horizontal diſtance, 
and divide the product by four times the nu- 
merical value of the ſquare of the inclined 
plane. Multiply the quotient by four 
times the exceſs of the numerical value of 
the impetus above it. Take the ſquare root 
of this product, and the impetus will have 
to it the ratio of radius to the ſine of twice 
the angles of elevation; the higheſt of which 
correſponds to a curve paſſing through the 
top of the object, and the loweft to one paſ= 
ſing through a point in the — between | 
its * ane: * bdtisa n. 5 1 


Thie rule is eaſily. applica wy means of | 
logarithms. _ 


GEOMETR LCALLY. | 


Let I at the impetus, th the drills 
of the mark or object above the horizon, D' 


the horizontal diſtance, and P the inclined 
plane. On GH equal to the difference of 


twice 1 and A, deſcribe a ſemicirele GKH, 
in which from G one extremity of GH, 


draw 


[ 
[ 
N 
| 
| 
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draw a right line GK equal to P. Let L be 
a third proportional to twice P and D. Take 
GM a fourth proportional to twice P, L and 
the difference of GH, HK; and GN a 
fourth proportional to twice P, L and GH, 
HK taken as one line. Then take Q a 
mean proportional between GM and four 
times the difference of I and GM; or be- 
tween GN and four times the difference of 
Land GN. With I or OZ; deſcribe a qua- 


drant ZSE ; at one extremity R of Q_ draw | 


RS parallel to I or OZ to meet the quadrant 
in 8; draw OS, and biſect the angle ZOS by 
the right line OC. A body projected in the 
direction OC with the impetus OZ or I, will 
deſcribe a curve paſſing through the top of 


1 A. And if RT be equal to twice GM, or the 


| differences of OZ and RS, a body projected 
in the direction OT with the ſame. impetus, 


will meet A in a point between its top and 
* horizon. | : 


RULE 2. 
wen the object or mark to be hit, i is de- 


preſſed 


PA 
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preſſed below the horizontal plane, if the 
impetus be perpendicular to the horizon; 


Take from the ſquare of the ſum of twice 
the impetus, and the perpendicular diſtance 
of the top of the depreſſed object from the 
horizontal plane, the ſquare of the inclined 
plane in their arithmetical values. Take the 
ſquare root of this differenec from, and add 
it to the ſaid ſum. Multiply this ſum or 
difference by the numerical value of the 
ſquare of the horizontal diſtance, and divide 
the product by four times the numerical va- 
lue of the ſquare of the inclined plane. 
Multiply the quotient by four times the ex- 
| ceſs of the numerical value of the impetus 
above it. Take the ſquare root of this pro- 
duct, and the impetus will have to it the ra- 
tio of radius to the ſine of twice the angles 
of elevation; the loweſt of which corre- 
ſponds to a curve paſſing through the top of 
the object, and the higheſt to one, paſſing 


through a point farther than that ow the 
horizontal plane. 


GCEOME- 


142 NEW THEORY IAT. H. 


GEOMETRICAIL IL v. 


Let I repreſent the impetus, A the perpen- 


dicular diſtance of the object from the hori- 
Zontal plane, D the horizontal diſtance, and 


P the inclined plane. On GH, _ 


twice I and A together, deſcribe a !femicir- 


cle GHK, in which from G one extremity 
of GH, draw a right line GK equal to P 
Let L be a third proportional to twice P and 
D. Take GM. a fourth proportional to 
twice P, L and the difference of GH, HK; 
and CN a fourth proportional to twice P, 
L and the ſum of GH, HK. Then, take 
Qa mean proportional between GM, and 
four times the difference of I and GM; 
or between GN and four times the diffe- 
rence of Land GN. With J or OZ, deſcribe 


a quadrant Z8E; at one extremity R of 


Q, draw RS parallel to OR; draw.OS, and 


biſect the angle ZOS by OC, which will be 


the direction for a body to be projected in, 
to paſs through a point farther from the ho- 


rizon than the extremity of A. And, if 
TR be equal to twice GM, or the difference 


a of 


aa mid g—  Y 
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of OZ and SR, AT will be the di- 
ection for a body to be projected fin, to 
paſs through the ſame point of the horizon 
with the former, and through the extremity 
W | 

R UL E z. 


When the horizontal diſtance, the altitude 
or depreſſion of the object, and either angle 
of elevation above the horizon are given, 
and it is required to find the impetus; 


Take a fourth proportional to radius, the 
tangent of the angle of elevation, and the 
horizontal diſtance. Divide the ſum of the 
ſquares on this and the horizontal diſtance, 
in their numerical values, by four times the 
difference between it and the elevation of 
the object, or by four times the ſum of it 
and the depreſſion of the object, in their nu- 
merical values, and the quotient will be the 
numerical value of the impetus. 


The geometrical conſtruction is very 
ſimple. Th | 


RULE 
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' When the 1 impetus, the altitude or depreſ. 
ſion of the object, and either angle of ele- 
vation above the horizon are given, to find 
the horizontal diſtance, and the range on 
che n plane. 


Find the ſublimity . to the 


angle of elevation, and a fourth proportional 


to the ſquare on radius, the ſquare on the 
ſine of this angle, and the impetus. Then 

find mean proportionals between four times 
the ſublimity, the difference of this fourth 


proportional, and the altitude of the object, 


and the ſum of this fourth proportional and 
| the depreſſion of the object. The firſt of 
theſe mean proportionals added to twice a 
fourth proportional to radius, the ſine of 
this angle and a mean proportional between 
the impetus and ſublimity, gives the ho- 
rizontal diſtance in the caſe of aſcents; 
and the laſt of theſe mean proportionals 
added to the ſame, gives it in the 


caſe of deſcents. And the range on the in- 


|  Clined Plane 1 is obtained by 47. E. I.). 


I 
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The geometrical conſtruction here is like- 
wile very ſimple. 
And, in a ſimilar manner, may all the 
poſſible ö variety of caſes for projections on 
inclined planes be ſolved. 5 
TABLE. L 
For Horizontal Projectiont. 
AA 


The impetus and amplitude being given, 
to find the angles of elevation, and the alti- 
tudes. a 


ANALOGIES. 


Twice the impetus , is to the amplitude, 
as radius to the fine of twice either angle of 
elevation. And radius is to the tangents 
reſpectively of the angles of elevation, as 
one fourth part of the amplitude is to the al- 
titudes reſpectixely. 


a | e CASE. 
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CASE 2 


The impetus and either angle of elevation 


being given, to find the amplitude. ü 


ANALOG y. 


Radius is to the fine of twice either angle 
of elevation, as twice the impetus is to the 
9 | 


CASE. 3. 


" 
in} 


© The amplitude and either angle of eleva- 
tion being given, to find the impetus. | 


ANAL O GV. 


As the ſine of twice either angle of eleva- 
tion is to radius, ſo is one half _ the 
ETHAN to the impetus. EIA dont 


\ CASE 4 


The impetus and either altitude being gi- 
ven, to find the amplitude. 


RULE 


> 
4 
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RULE 


Take a mean proportional between either 
| altitude, and the exceſs of the 1 impetus above it, 
and four times this will be equal to the am- 


pang: 
| Or thus by LO G ARIT HMS. 


To half the logarithm of four times the 
altitude, add half the' logarithm of four 
times the exdeſs of the impetus above the al- 
titude, and the ſum will be the logarithm of 
the amplitude. 


EF: * 


CASE 5. 


3 79013 15 WH 


The amplitude and. ip being gi given, 
to find the angles of Senates, and the 
impetus. | 


1 8 4» * 
« 4 K # 144 * | 
* 


ANAL O G V for the ANGLES of 
ELEVATION. 


ay: one © fourth patt ol the amplitude is to 
the 
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the altitudes. reſpectiyely, ſo is radius 
to the tangents of the angles of elevation 
welpe. 4 85 


nV L E forthe IMPETUS. 


To either altitude, add a third ks 
tional to it, and one fourth part of _e am- 
plitade, 1 for the impetus. 


4 


sk 6. 


Tho altitudes and cd of "GP be- 
ing find the ä Da 


A | 
T 1 147 
„„ 


ANAT OO. 


The tangents of the angle of elevation 
are reſpektively to radiu 4 as the alti- 
tudes are reſpectively to one fourth out 
of the amplitude. 


2X11 G Hige? 7. 
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and any other angle of elevation being gi- 
ven, to find the amplitude eee to 
that other an e | 


ANALOGY. 


The fine of wies either angle of eleva- 
tion is to the ſine of twice that other angle, 
as the om NES is to the arne 
8 8 te zal n 


CASE 8. 


The 5 abi of cb the e 
and any other amplitude being given, to find 


the angles of elevation correſponding to that 
other * 


aNALOGY. 


The amplitude . to the g given = 
angles of elevation, is to the other ampli- 
tude, as the ſine | of twice either of theſe 
angles, is to the fine of twice cither angle re- 
quired. 81 01 Ain . 109 FTI Qt 1 
plank 1 CASE 
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An angle of elevation, the altitude cor- 
reſponding thereto, and any other angle of 
elevation being given, to find the altitude 
en to that other ang] 6. 
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The e fine of twice the angle of 86 
vation, anſwering to the given altitude, is 
to the verſed ſine of twice that other angle, 
as the n altitude is to the altitude re- 
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An angle of elevation, the altitude 8 
ſponding thereto, and any other altitude be- 
ing given, to find the angle of. rd 


cotfElfiitlg to that other altitud go's 5 


The aire correſponding to the giren 
angle 
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angle of elevation, is to that other altitude, 
as the verſed ſine of twice this angle is to 
the verſed ſine of twice the angle required. 
"TASLEW 
. F or Projection on Inclined Planes. : = 


The impetus and any two of theſe three 
things being given, to wit, the horizontal 
diſtance, the altitude or depreſſion of the ob- 
je, and the length of the inclined plane, | 
to find the angles of elevation. 


C ; 


1 
1811 


RULE. 


As the horizontal diſtance is to the alti- 
tude or depreſſion, fo is radius to the tan- 
gent of the an gc of — 


0 3 as 15 mp "fs an. a Bi 
© half this angle, together with, balf a right, 
"pup? angle, 
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angle, is to radius, ſo is half the impetus to 
ob fourth proportional. 


| Lach, As 4 fourth proportional to the 

horizontal diftance, the length of the inclined | 
Plane, and half the impetus, is to the exceſs 
of the fourth proportional, found by the ſe- 
cond analogy above one fourth part of the 
horizontal diſtance, ſo 1s radjus to the verſed 
fine of an angle, which added to, and taken 
from the firſt mentioned angle in the ſame a- 
walogy, giyes | the angles of elevation required. 


CA 8 E 2. og 

The angles of elevation and tlie lengtt: of 

the inclined plane or amplitude being given, 
to find the 1 n 


ANALOGY. 


as 9 ; 


As the rectangle bias oP -the þ ins of 
cither angle of elevation, and the fine of the 
_ exceſs of the angle formed by the impetus | 


ail — above this angle, is to the 
els 8 


# 
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ſquare on the fine of the angle formed by 
the impetus and amplitude, fo is one fourth 
part of the amplitude to the impetus, 


By LOGARITHMS. 
Take the firſt of the three rules immedi- 
ately preceeding the rules for reducing in- 
clined projections to horizontal ones. 


CASE 3 


The angles of elevation and the impetus 
being given, to find the amplitude, 


ANAL O GV. 


The ſquare on the ſine of the angle form- 
ed by the impetus and amplitude, is to the 
rectangle contained by the ſine of either 
angle of elevation, and the ſine of the exceſs 
of the angle formed by the impetus and 
amplitude above this angle, as the impetus 


is to one fourth part of the amplitude. 


SE 3 


| 
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Take the ſecond of thoſe ches rules. 
CASE 4. 


An angle of elevation, the amplitude cor- 


reſponding to it, and any other angle of ele- 


vation being given, to find the amplitude 
correſponding to that other angle. 


AN AL O G V. 


The rectangle contained by the ſine of 
the angle correſponding to the given ampli- 
tude, and the ſine of the exceſs of the angle 
formed by the impetus and amplitude above 
this angle, is to the rectangle contained by 
the ſine of the angle correſponding to the 
required impetus, and the ſine of the exceſs 
of the angle formed by the impetus and 


amplitude above this angle, as the given 


ae e is to the required one. 


— * 
0 7 
* o 
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By LO GARITH MS. 
Take the laſt of thoſe three rules 
CASE 5. 


The impetus and angle of inclination be- 
ing given, to find the greateſt Fa am- 
plitude. 


. A L Q 0 25 
. The tangent of an angle ail to half a 
right angle, together with half the angle of 
inclination, 1s to the ſecant of the angle of | 
inclination, as half the impetus is to one | 
fourth Fart of ty 8 55 amplitude. mY 


RLE for determining the Duration of any 
Laue **VVV TN... 
[£3 5 bu dh £4 SEO VE 
The eä of the elevation of the plane 
above, or depreſſion below the horizon, is to 
the- 2 on the angle of elevation above the 


as plane; 
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plane, as twice the time of deſcent through 


the impetus is to the time of the flight. 


NorTE. Near the {urface of the earth, bo- 
dies would deſcend i 1n vacuo through about 
1 6 feet 1 ond in a ſecond, 


Thus have I endeavoured to deduce the 
theory of proj jectiles in vacuo, both on hori- 
zontal and inclined planes, from the proper- 
ties of the ſquare and rhombus, and by 
means of ſome very eaſy and ſimple rules, to 
extend the analogies, given for projections 
| made on the horizon, to thoſe which are 

made on planes inclined to it, in any angles. 
In every caſe, however, it muſt be obſerved, 
chat the projectile is ſuppoſed to be ated 
upon, in a direction perpendicular to the 
horizontal plane, by ſuch a force as is men- 
tioned in propoſition ſeventh, chat is, by 2 
force which acts on it uniformly, and there- 


by has an uniform influence in accelerating 


its motion towards the horizon, when it pro- 

| ceeds from a ſtate of reſt, and in retarding 
its motion from the fame, when it is pro- 
jected 


t 
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jected with any degree of velocity in ſuch a 
direction. The ingenious Galileo, who has 


the honour of having firſt conſidered equa- 


| bly accelerated motion with any degree of 
accuracy or ſucceſs, has, in the third of his 
incomparable dialogues, diſcourſed on this 


ſubje& at great length, and ſhown, in the 


moſt ſatis factory and unexceptionable man- 
ner, that the ſpaces, which a body proceed- 


ing from reſt, under the influence or continu- 


ed action of any uniform force, moves 


through in different times, have to each 
other the duplicate ratios of theſe times re- 


ſpectively. And, in his fourth dialogue, he 
demonſtrates, that ſuch an accelerated mo- 


tion, combined with an uniform one, would 
make a projectile in vacuo, trace out that 
conic ſection, which is called the Parabola. 
Beſides, as this great and ſagacious man, 
has, in the former of theſe dialogues, demon- 
ſtrated from experiments, which he repeat- 
edly made, with a ball of the hardeſt braſs 


finely poliſhed, in a grove about twelve yards 
long, cut in a priſm of wood, and covered on 


the inſide with very ſmoothly poliſhed vel- 
lum, 
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lum, that the ſpaces which a body mo- 
ving from reſt deſcends through, have to 
each other reſpectively, the duplicate ratios 
of the times of deſcent; ſo, in the latter of 
theſe, he concludes, that, on the ſuppoſition 
of a vacuum or empty ſpace near the ſur- 
face of the earth, the path of a projectile 

would be nearly in a parabola. I ſay near- 
ly, becauſe, at the ſame time in which 
he draws this concluſion, he appears to be 
fully ſenſible, that it is not ſtrictly and accu- 
rately true. But, ſince this error is ſo very 
ſmall if the motion be conceived to be made in 
vacuo, chat the difference betwixt theory and 


experience, would, on this ſuppoſition, be 


almoſt altogether imperceptible, he choſe, 
for che fake of eaſe and ſimplicity, to 
omit the conſideration of thoſe circumſtan- 
ces, which would have only occaſioned ſuch 
minute variations, but which, if taken into 
the account, would have rendered his calcu- 
lations much more complex and intricate. 
This difference, that would take place be- 


twixt _ ee 1 be WE experience i in 


EN? 6 N VDVacuo, 
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vacuo, ariſes from two cauſes which I ſhall 
now endeavour to explain. 


In order, then, that a body ſhould move 
in a parabola under the combined influen- 


ces of a projectile, and uniformly accelera- 
ting force, it is neceſſary, that the direction 


of this acceleration ſhould be always perpen- 
dicular to the ſenſible horizon, at the point 
of projection, or to a plane touching the 
earth's ſurface, at that point. This, I ſay, 
is abſolutely neceſſary, ſince all the diameters, 
of a parabola are parallel to -one another. 
But this is not in reality the caſe with a body. 
thrown from a Point, on the earth's ſurface, 
in any direction. For, that accelerating force 
which is conſtantly employed in carrying it 
from the line of projection, towards the ſu- 
perficies, tends always to the center of the 
earth. Whence, it evidently appears, that 
thoſe lines, according to which the accelera- 
ting force would act in different points of 

che curve, which the body would really de- 
ſeribe, would not be parallel to each other, 
but would meet at the center of the carth; 


and 
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and there form angles with one another, 
However, as the greateſt range or ampli- 


tude of the largeſt piece of ordinance, on 
the horizontal plane, were it fired with its 


_ uſual allotment of powder, ſuppoling this to | 


be poſſible in vacuo, would bear but a very 
ſmall proportion to the ſemidiameter of the 
earth; even the greateſt of theſe angles would 
be but very inconſiderable; and, therefore, the 
poſitions of the right lines, extending from 
different points in the curve to the center of 
the earth, would differ little from a Rate of 
paralleliſm. If the velocity, indeed, with 


which a body is ſuppoſed to be projected, be 


imagined to be very great, the deviation of the 


curve from the parabolic form would, even 


in vacuo, be very conſiderable. But the 
circumſtance I have been juſt ſpeaking of is 
not the only cauſe of this variation. There 
is another, which I ſhall now mention. 


Were gravity to accelerate a body uni- 
formly towards the center of the earth, its 
force would continue uniform, or the ſame 
at different diſtances. This, however, we 
br Fu 
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to be ſo far from being the caſe, that its 
force decreaſes as the ſquares of the diſtan- 
ces of the body from this center increaſe; 
that is, at twice the diſtance, it is four times 
as ſmall, at thrice the diſtance, nine times as 
ſmall, and ſo: on. Now, it is certain, that 
the point on the ſurface of any ſphere, where 
a plane touches it, is nearer the center of 
that ſphere, than any other point in the ſaid 
plane; and, that conſequently, any line of 
projection drawn from that point, ſo as to 
form any angle whatever, with a right 
line drawn in that plane from the point 
of contact, will have all its points at dif- 
ferent diſtances from the ſame center. 
Hence it is abundantly obvious, that a pro- 
jectile would be at different diſtances, during 
che time of its flight, from the center of a 
ſphere. And this concluſion evidently holds 
in greater force with reſpect to the earth, 
which is not a perfect ſphere, but is of a 
ſpheroidal figure. This circumſtance then 
plainly ſhows, that gravity would not acce- 
lerate a body uniformly even in vacuo, to- 
wards the center of the earth, and that a pro- 


8 jedi 
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jectile would receive different degrees of ac- 


celeration at different points in the curve 
which it would deſcribe. And this devia- 


tion from the law of uniform or equable ac- 
celeration, would likewiſe vary the conclu- 


ſion derived from it, which was, that the 
ſpaces deſcended through were in the du- 
plicate proportion of the times of deſcent. 
But all the artifices that we could have re- 


courſe to, in trying experiments with regard 
to falling bodies, would ſcarce render this 


variation perceptible, ſince, at ſmall diſtances 
from the earth's ſurface, it is ſo minute as to 


elude experiment. Whence it is not at all 
ſurprizing, that Galileo did not perceive it in 
-thoſe: experiments, which he made with a 
ball of braſs, in the groove of a priſm 
of wood, and elevated, as he himſelf informs 


us in his third dialogue, one or two yards 


above the horizon. For, the force of gravi- 


ty at the elevated end of the priſm, would 
have to its force at the ſurface of the 
earth, the duplicate ratio of the ſemi- 


diameter of the carth to a right line 


equal 


PART II. OF PRO] ECTILES. 163 


equal to this ſemidiameter with one or 
two yards, that is, nearly a ratio of equality. 


From theſe obſervations, it evidently ap- 
pears, that, were it not for the reſiſtance of 
the air, a projectile thrown from any point 
on the earth's ſurface, would nearly deſcribe 
the curve generated in the figure to Propo- 
ſition fourth, which curve is indeed nothing 
but the parabola derived after a new manner. 
But this reſiſtance of the medium produces 
much more powerful effects on projectiles 
than both the above mentioned cauſes taken 
| together, and poſſeſſes ſuch a prodigious influ- 
ence in varying and retarding their motions, 
as muſt ſeem altogether amazing, when men- 
tioned to any perſon, who 1 is not accuſtomed 


to conſider ſuch matters with. ſufficient care 
and attention. 


e 


4 


nn 


$4. 
* a7 , ; 
* 
' , : h 
* 
\, 4 1 
= 
. 
-# 
* * 
* 9 
46," 
* L * 
n . * 
re e N 
0 19 
4 * 
* 3 2 | 
2 X 
-% 
„ 
4 3 
LEI 
* 
— — 
* 
a 


(| * 
» 
1. 
3 
% y N « 5805 = 
— %.£ *. : 
— 1 i 2 
- 4 8 
- 3 1 - 
. * 
4 4 'x ; 
= - 2 
« * 
7 
* = 
% * 2 4 
£ ey” 
- 


„ ge» 


— 
4 ; . 


8 54 — 
SE 

| *% 
5 FE. 


. 


